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Abstract

These notes accompany Math 241 (Complex Manifolds), taught by Professor Constantin
Teleman, Fall 2025, UC Berkeley. They present a self-contained treatment of the elementary
theory of Riemann surfaces functions and differentials, line bundles, Riemann-Roch, Abel-
Jacobi maps, and theta functions. This is followed by an introduction to higher-dimensional
complex manifolds: holomorphic vector bundles, sheaves, and Dolbeault cohomology. The
exposition culminates in the central results for Kihler geometry, including Hodge decomposi-
tion, the Hard Lefschetz theorem, Serre duality for vector bundles, and Kodaira vanishing and
embedding theorems.
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We introduce Riemann surfaces as analytic subsets of C? defined by holomorphic equations. We
then develop the structure theory of Riemann surfaces, including holomorphic maps, ramification,
and the Riemann-Hurwitz formula. We present the Weierstrass Division and Preparation Theo-
rems, which are fundamental results about the local structure of analytic sets in several complex
variables. We examine closely the theory of theta functions on complex tori. We establish the
correspondence between Riemann surfaces and finite degree field extensions of C(z).

1.1 Structure theory

Definition 1.1 (Holomorphic function in two variables). A complex function F(z,w) defined in an
open set in C? is called holomorphic if, near each point (2o, wp) in its domain, F’ admits a convergent
power series expansion

F(z,w) = Z Fon(z — 20)™(w — wo)™.

m,n>0

Definition 1.2 (Analytic Riemann surface in C?). A subset S C C2 is called a (concrete, possibly
singular) Riemann surface if, for each point s € S, there exists a neighbourhood U of s and a holo-
morphic function £’ on U such that S N U is the zero-set of F'in U. Moreover, we require that

O"F
ow™

(s) #0 for some n.



In particular, the continuity of F' implies that .S is locally closed. The condition 0" F'/0w"(s) # 0 rules
out vertical lines through s, which cannot reasonably be viewed as graphs. (Indeed, from the power
series expansion we see that S N U contains a vertical line precisely when Fp,, = 0 for all n.)

Definition 1.3 (Non-singular point). The Riemann surface S is called non-singular at s € S if a
function F' defining S near s can be found with gradient vector (0F'/0z, OF /Ow) nonzero at s.

Definition 1.4. An abstract Riemann surface is a topological surface R equipped with a maximal
atlas of charts to open subsets of C such that the transition functions are holomorphic.

Every non-singular concrete Riemann surface is an abstract Riemann surface in a natural way, by
using the implicit function theorem to produce local charts. However, the converse fails for the
obvious reason that compact Riemann surfaces cannot be embedded in C? as concrete Riemann
surfaces.

Definition 1.5. Let R and S be Riemann surfaces. A map f : R — S is called holomorphic if
for every holomorphic function g : U — C defined on an open subset U C S, the composition
go f: f~YU) — C is a holomorphic function on R.

Theorem 1.6 (Local normal form and ramification index). Let f : R — S be a nonconstant holomor-
phic map between Riemann surfaces, and let p € R with ¢ := f(p). Then there exist local holomorphic

coordinates
z:(R,p) = (C,0), w: (S,q) = (C,0),

and an integer k£ > 1 such that

wo foz l(() = (¢*
for all ¢ in a neighbourhood of 0. The integer k is uniquely determined and is called the ramification
index of f at p.

Proof. Choose local coordinates z near p and w near ¢ = f(p) with z(p) = 0, w(q) = 0, and
consider the resulting holomorphic map

F:=wofoz':(C,0) — (C,0).

Then F is holomorphic, F'(0) = 0, and F is not constant.

Write the Taylor expansion of F' at 0:
F(z) = Z a,z".
n=0

Since F'(0) = 0 and F' is not constant, there is a smallest integer £ > 1 such that a;, # 0. Thus we

can factor
F(z) = 2"u(2),
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where
2
u(2) 1= ap + Qp12 + Qg2 + - -

is holomorphic and satisfies u(0) = ay, # 0.

Shrink the coordinate disc so that u(z) is never zero there. On a simply connected neighbourhood
of 0 avoiding the zeros of u, a nowhere vanishing holomorphic function admits a holomorphic
logarithm: there exists a holomorphic function h such that

Define a holomorphic k-th root of u by
v(2) = u(2)Vk = h/E,
Then v is holomorphic, v(0) # 0, and v(2)*F = u(z).

Now define a new local coordinate on the source by

¢ :=zv(z).
Since v is holomorphic and v(0) # 0, we have
d¢
— =v(0) #0
7|, =v0)#0,

so by the holomorphic inverse function theorem, ( is a valid holomorphic coordinate near z = 0.
In terms of this new coordinate, we compute
F(2) = 2"u(z) = 2"v(2)F = (20(2))* = ¢~
Thus, in the coordinates ¢ on R and w on S, the map f is given by
w=_( K
near p. This proves the existence of the local normal form.

Uniqueness of k follows from the uniqueness of the order of vanishing: if F(2) = zFu(z) with

u(0) # 0, then k is exactly the order of the zero of F' at 0, which is independent of the choice of
local coordinates. Hence k is well defined and is called the ramification index of f atp. [

Corollary 1.7. Let f : R — S be a nonconstant holomorphic map between Riemann surfaces. Then f
is an open map: the image of every open set in R is open in S.



Proof. LetU C Rbeanopensetandletq € f(U). Choose p € U with f(p) = g. By the local nor-
mal form theorem, there exist local coordinates z near p and w near ¢ such that wo foz71(¢) = ¢*
for some k£ > 1. Since z(U) is open in C, it contains a small disc around 0. The image of this disc
under ¢ + (¥ is also a small disc around 0, which shows that f(U) contains a neighbourhood of
q. Thus f(U)isopenin S. [

Corollary 1.8. Every holomorphic function defined everywhere on a compact connected Riemann sur-
face is constant.

Proof. Let f : R — C be a holomorphic function on a compact connected Riemann surface R.
Since R is compact, the image f(R) is a compact subset of C. The only compact open subsets of
C are the empty set and C itself. Since f(R) is nonempty, it must be all of C. However, C is not
compact, so this is a contradiction unless f(R) is a single point. Thus f is constant. []

Theorem 1.9. Let f : R — S be a nonconstant holomorphic map between compact Riemann surfaces.
Pick s € S and define the quantity

d:= Z ep
pef~1(s)

Then d is independent of the choice of s € S and is called the degree of the map f.

Theorem 1.10 (Riemann—Hurwitz). Let f : R — S be a nonconstant holomorphic map of compact
Riemann surfaces of degree d. Write
B = Z(ep —1p

PER

for the ramification divisor of f. Then
29r — 2 = d(2gs — 2) + deg(B),

or equivalently,
PER

Proof via Euler characteristic. If f were an unramified covering map, then R would be a d-fold
cover of S and by the description of Euler characteristic as the alternating sum of cells in a cell
decomposition, we would have

X(R) = dx(5).

However, ramification changes this count. We have to delete e, —1 points of 2 for each ramification
point p, and each deletion drops the Euler characteristic by 1. Thus we obtain the desired formula.
O



Proof via canonical bundles. Let Kr and K denote the canonical bundles of R and S. Choose
local coordinates w near p € R and z near f(p) so that the map is written z = w®. Then

f*(dz) = d(w) = e, w* ! dw,
so f*(dz) has a zero of order ¢, — 1 at p. Globalizing, one obtains an isomorphism of line bundles
Krp = f"Ks® Ogr(B),
where B = ) (e, — 1)p is the ramification divisor.
Taking degrees on both sides, and using deg Kx = 2gx — 2, yields
2gp — 2 =d(295 —2) + » (e, — 1),
p

the desired identity. [

Remark 1.11. These two proofs are related by the fact a holomorphic 1-form w on a compact Riemann
surface satisfies deg(w) = 29 — 2 = —x(X). In particular, there is the isomorphism of line bundles
Kr = f*Kg + B. which refines the Riemann—Hurwitz formula.

Exercise 1.12. Let f(z) be a polynomial of odd degree, with simple zeroes. Identify the topology of
the Riemann surface of the double-valued function defined by w? = f(2).

Consider X,¢ = {(z,w) € C* : w? = f(z)}. Its projection m,g : (2,w) > z is
a 2-sheeted branched covering of C away from the zeros of f. We compactify to a projective curve
X = X,z C P! x P! and extend the projection to 7 : X — IP.. The map 7 has degree 2. To study the
topology of X.g¢, we will use the Riemann-Hurwitz formula to compute the genus of X and delete the
point(s) over z = 00.

If a is a simple zero of f, write locally f(z) = (z — a)u(z) with u(a) # 0. Then w? = (2 — a)u(z)
has a single point of X lying over z = a and the local model is w? = z — a, so the ramification index is
e = 2. Thus each simple zero gives one branch point of ramification index 2. There are d of these in C.
Put t = 1/z as a coordinate near z = oo and write

fz)=2%g(1/z) =t""g(t),  g(0)#0

The equation becomes w? = t~g(t) <= (wt‘z )% = t~1g(t). Letu = wt*z . Then u® = t'g(t),
so near ¢t = () we have the model u? ~ t~!. Therefore, there is one point of X over z = oo and it is
ramified of order 2. Hence the total number of simple branch points is B = d + 1.

Apply Riemann-Hurwitz to the degree-2 map 7 : X — P

29(X) —2=2-(-2)+ ) (e, — 1).

peX



Every simple ramification contributes e, — 1 = 1, so
29(X)—2=—-4+B=—-4+(d+1)=d-3.

Therefore

The compact Riemann surface X is a closed orientable surface of genus g = %. Recall that there
is only one point of X over z = oco. Therefore, X,g is homeomorphic to X with one point removed.

Hence X,g is homeomorphic to a genus d% surface with one puncture.

1.2 Weierstrass theorems

The suprising fact about holomorphic functions in several variables is that they behave like poly-
nomials in many respects. The following theorems establish that analytic sets have algebraic-like
local structure and are important in estbalishing general factorization, dimension, flatness, and
coherence theorems.

Theorem 1.14 (Weierstrass Division Theorem). Given a polynomial
P(wa Bly v ZTL) =w" + Zpk(z)wk7

with the functions pj(z) holomorphic in an open set V' C C™ and satisfying p;(0) = 0, every germ of
holomorphic function G(w, z) near (w, z) = (0, 0) can be uniquely expressed as

G(’LU7 Z) = P(wa Z) ’ Q(w> Z) + R(wa Z)a
where Q(w, z) is a holomorphic germ near 0 and R(w, z) is a polynomial in w of degree < n with

coefficients germs of holomorphic functions in z near z = 0.

Proof. Using Cauchy’s integral formula we write

Glw, z) = i]g GG2) 4

27

from which we can write

1 [ GGAPEGE) GG Pw,2)
Rlw, 2) = ﬁp(c,zxc—w P(C,2)(C —w)

271

Now write
k-1

P(¢,2) = P(w, 2) = (¢* = wh) + ) pr(2)(¢" = w)

i=1



which is divisible by ¢ — w, and the quotient

P, z) — P(w, z)
(—w

is a polynomial in w of degree n — 1. If for a fixed value of z, we pick a contour I' in the w plane
for which P((, z) does not vanish on I', then the function R is holomorphic in w and z because
it is the contour integral of an integrand, holomorphic in both w and z. Since R is holomorphic,
we may differentiate n times with respect to w under the integral and we find that the integrand
becomes zero, since the integrand is a polynomial in w of degree n — 1. Therefore,

d"R

dw™
so R is indeed polynomial of degree n — 1. [
Theorem 1.15 (Weierstrass Preparation Theorem). Let F' be holomorphic in the variables z = (z1, ..., )
and w near the origin in C**! and let n be the smallest integer such that

O"F

ow™

(0,0) # 0.
Then:
(weak form) There exists a function ¢ of the form
®(z,w) = w" + foa ()" + -+ fi(2)w + fol2),

with fo, ..., fn_1 analytic near z = 0, such that the zero—set of ®(z,w) agrees with that of
F(z,w) near (0,0).

(strong form) There exists, in addition, a holomorphic function u(z, w), nonzero near (0, 0), such that

F(z,w) = ®(z,w)u(z,w).

Moreover, this factorization of F'is unique.

Example 1.16. The ring of germs of holomorphic functions on a complex manifold X can be identified
with the ring of convergent power series in dim X local coordinates. The Weierstrass theorems show
that the local analytic rings

Ox, = C{z1,.... 2}

are Noetherian and factorial (UFD). By contrast, the ring of global holomorphic functions on a domain
is typically very far from either property.



1. For example, let O(C) denote the ring of entire functions. For each m > 1 define the ideal

I, ={feOC): f(1/k) =0foralll1 <k <m}.

Then I,,, consists of entire functions vanishing at the finite set {1,...,1/m}, hence
I = (T = 1/m).
k=1

so each I,,, is principal. Clearly
LCL CI3C---

is a strictly ascending chain of ideals (each new condition f(1/(m + 1)) = 0 cuts out a
strictly smaller ideal), and the chain never stabilizes. Thus O(C) is not Noetherian. Similar
chains can be constructed in O(U) for many noncompact domains U C C".

2. Even more dramatically, the ring O(C) is not a UFD as exhibited by the infinite product
expansion of the sine function:

0 2
sin(rz) = 7z H (1 - 2—2) :
n
n=1

Theorem 1.17. The local ring of convergent power series
An = C{Zh ey Zn}

is Noetherian for every n > 1.

Proof. For n = 1, the ring C{z} is a discrete valuation ring: every f # 0 can be written uniquely
as f(z) = z%u(z) with u(0) # 0, so every ideal is generated by a single power of z, hence C{z} is
Noetherian.

Assume inductively that A,,_; is Noetherian, and write
An = Anfl{w}

with w = z,. Let I C A, be an arbitrary ideal. Choose f € I such that its order in w is minimal
among all elements of /. By the Weierstrass Preparation Theorem, after multiplying by a unit we
may assume that f is a monic Weierstrass polynomial

P(w) = w4+ ag_1 (2w + - + ap(?), a;(0) =0,

lying in A, [w] C A,.



For any g € I, the Weierstrass Division Theorem gives a unique expression
g=qP+r,

where ¢ € A,, and the remainder has the form

r(2,w) =ro(2) +ri(2)w+ -+ gy (2w ri € Aoy
Thus
I=(P)+1T,
where I’ consists of those elements of I of w—degree < d. Define a map
O — A, r— (ro,. .., Tg_1)-

The image J := ®(I’) is a submodule of the finitely generated A, ;-module A¢ ;. Since A,,_; is
Noetherian, J is finitely generated, say by the vectors

(T(()j),...,rc(lj_)l)EAd j=1,...,N.

n—1

Lift each generator to an element

T(j)(z’, w) = T(()j)(z/) 4+t Tc(l{) (Z/)wd_l c I

By construction, every element r € I’ is an A,,_;—linear combination of the r and hence also an
A,,~linear combination. Thus
I=(pPrWY, . 7r(N)),

so [ is finitely generated. Since / was arbitrary, A,, is Noetherian. []
Theorem 1.18. The ring A, = C{z1, ..., 2,} is a unique factorization domain.

Proof. We proceed by induction on n. For n = 1, the ring C{z} is a discrete valuation ring, hence
a UFD.

Assume the result holds for A,,_;. Every nonunit f € A, = A,_1{w} can be made regular in w
after a linear change of coordinates. By the Weierstrass Preparation Theorem, we may write

f =Uu- P7
where wu is a unit in A,, and P is a monic Weierstrass polynomial
P(w) = w* + ag_1 (2w + - +ap(?)) € Api[w)], a;(0) = 0.

Thus factorization questions for A, reduce to factorization questions for monic polynomials in
An_l[U)].
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Since A,,_; is a UFD by induction, the polynomial ring A,,_;[w] is also a UFD. Hence every monic
polynomial P admits a unique factorization

P=P,---P
into monic irreducible polynomials P; € A,,_;[w].

We claim that these irreducible factors P; remain irreducible in A,. Indeed, suppose P, = QR in
A,,. By the Weierstrass Division Theorem, dividing () by P; in the variable w gives remainder zero
(since P; is monic), hence @ lies in A,,_;[w]. Likewise for R. Thus any factorization of P; in A,
already occurs in A,,_;[w], contradicting its irreducibility there. Hence P, is irreducible in A,,, and
being monic it is also prime.

Therefore every nonunit f € A, factors as
f=u-P P,

with v a unit and the P; pairwise nonassociate irreducible elements. Uniqueness of this factoriza-
tion follows from the uniqueness of factorization in the UFD A,,_1[w].

Thus A, is a unique factorization domain. [J

Exercise 1.19. Let C; and C; be two circles in the w- and z-planes in C?, and A o the disks that they
bound. Show that a holomorphic function defined in an open set containing

01XA2UA1XCQ

has a unique holomorphic extension over A; x As.

Suppose f is holomorphic on a neighborhood of X = (JA x A) U (A x dA) C C%
For each fixed z; € A, the map (; — f((1, 22) is holomorphic on a neighborhood of OA. Define

F(Zl,Zg) = L/ Mdcl, (Zl,ZQ) e A x A.

271 ¢il=1 <1 — 21

F is holomorphic on A x A. Moreover, on a neighborhood of 0A x A (where f is defined in a full
annulus in (;), Cauchy’s formula gives F' = f. Similarly, for each fixed z; € A the map (; — f(z1, ()

is holomorphic near OA. Define
1
Glz1,2) = / f(z1,6) dés.
|

2mi Col=1 G2 — 22

Then G is holomorphic on A x A and G = f on a neighborhood of A x A. On a neighborhood of the
torus 0A x A C X, both representations are valid and equal f, hence F' = G there. By the identity

11



theorem for holomorphic functions on A x A, F' = G on all of A x A. Thus this common function
extends f holomorphically to the full interior.

The extension is unique because if H were another holomorphic extension, then H = F on 0A x A by
the identity theorem applied to the first variable, hence H = F' on all of A x A by the identity theorem
applied to the second variable.

Exercise 1.21. Let F GG be two irreducible holomorphic functions in n > 1 variables defined on an
open set U, and call their common zero-set Z. Using the Weierstrass Preparation Theorem (twice) and
Q6, show that any holomorphic function defined on U \ Z extends holomorphically over Z.

Remark 1.22. This is a version of Hartogs’ theorem for holomorphic functions of several variables;
somewhat loosely, the singular set of a holomorphic function defined on "most of" an open U C C”
cannot lie in an analytic subset of co-dimension 2, unless it’s empty. Contrast that with the real function
1/(z* + y*) on R2.

Let F, GG be irreducible holomorphic functions on U C C", n > 1, and set
Z={F=0}n{G =0}

Fix p € Z and change coordinates so that p = 0, with F' regular in w and G regular in z. By Weierstrass
Preparation we may write F' = Up - P(w; z,t) and G = Ug - Q(z; w,t) where P is a Weierstrass
polynomial in w, ) one in z, and ¢ denotes the other coordinates. Thus for small polydisks, the zeros of
F in w and of (G in z form finite sets of roots varying holomorphically with the parameters. Choosing
circles Cy = {|w| = r1} and Cy = {|z| = 72} that avoid these roots (uniformly in ), we see that
(Cy x Ag) U (Ay x Cy) is contained in U \ Z, so f is holomorphic there. By Exercise 1.19, f extends
holomorphically to A; x A, for each fixed ¢, and the extension depends holomorphically on . Hence
f extends to a neighborhood of p, and by uniqueness these local extensions glue to give a holomorphic
extension of f to all of U.

1.3 Elliptic functions

The classical story begins with the Weierstrass g-function, defined by

wsn-5+ 3 ()

weL\{0}

which has the properties that it is an L-periodic meromorphic function on C with double poles at
the lattice points, and that it satisfies the differential equation

(¢/(2))" = 4p(2)" — g2(2) — g3 = 4(z — e1)(z — €2) (2 — €3)

12



where g9, g3 are constants depending on L, given explicitly by

92 =60 ) u%

weL\{0}
1
weL\{0}

and e; are the values of g at the half-lattice points w; /2, ws/2, (w1 + wq)/2. The e; are distinct as
we will show in Prop 1.25. The convergence is uniform on any compact subset X C C, once the
terms with poles in K are set aside.

Uniform convergence implies that the series can be differentiated term-by-term, so we get a for-
mula for ¢’(z) given by

o(z)=—-2) ﬁ

is an doubly periodic meromorphic function with triple poles at the lattice points. Moreover, one
can see directly from the series expansion that @ is even and ¢’ is odd.

The oddness implies that ¢'(z) vanishes at the half-lattice points. Moreover, one can check that
these are simple zeros of ¢, and moreover the only zeros of ' modulo L. Thus ¢’ has only poles
at lattice points, each of order 3. In a fundamental parallelogram there is exactly one pole (mod
L), of total multiplicity 3. This implies the following proposition.

Proposition 1.24. ©(z) and ¢/(z) define holomorphic maps C/L — P! of degree 2 and 3 respectively.

We conclude that each of the half-lattice points must be a simple zero of ' and moreover that these
are all of the zeros, because any meromorphic function has divisor of degree 0.

Proposition 1.25 (Properties of the p-map).
(1) The numbers ey, eo, e3 are all distinct.

(ii) For any a € C with a # €1, €9, €3, the equation p(u) = a has two simple roots in a funda-
mental period parallelogram. For the three exceptional values a = e;, it has a single double
root.

Proof.

(i) General theory of meromorphic functions on a torus shows that we either have two simple
roots or one double root. Since a double root corresponds to a zero of the derivative ¢’, the
claim follows. Note that the two simple roots always differ by a sign modulo L, by the parity
of p.

13



(i) Suppose, for contradiction, that e; = es. Then p(u) = e; would have a double root at % and
another double root at 2. This would give too many roots (multiplicity 4 in a fundamental
parallelogram), contradicting the fact that p is a double covering of P!. Hence the ¢; are
distinct. [

1.4 Theta functions for an elliptic curve

Let 7 € $ (upper half-plane) and let
L = 7Z+71ZCC, E=C/L

be the corresponding elliptic curve. Put

Definition 1.26. The Riemann theta function is the entire function

Iz |71):= Zexp(m’nzT + 2minz), z e C.

neL

It satisfies the quasi-periodicity relations

Hz+1|7)=9(2]1),
Uz + 7| 7) = exp(—mit — 2miz) I(z | 7).

Thus 4 is a holomorphic section of a degree-1 line bundle on £ = C/L (the theta line bundle).

It is often convenient to use the Jacobi theta functions with characteristics.

Definition 1.27 (Theta with characteristic; Jacobi theta functions). For a,b € R, the theta function with

characteristic [ 7 } is

v {(Z} (z|71):= Z exp(mi(n + a)’7 + 2mi(n + a)(z + b)).

nez

14



The four classical Jacobi theta functions are

o
Oi(z|7):=0|%| (2| 7)= 22 ”+2) sin((2n + 1)7z),
2
or
Oo(z | 7) ::19_(2)_ z| 1) = QZq +3 COS ((2n + 1)7z),
o L
O5(z | 7) =19 0] (z|7)=1+ QZIq cos(2mnz),
o]
Os(2 | 7):=0|1| (2] 7) —1+2Z )¢ cos(2mnz).
2

In particular, the genus-1 Riemann theta function above is 9(z | 7) = 03(z | 7).

Each 6;(z | 7) satisfies analogous quasi-periodicity conditions under z — z + 1 and z — z + T;
these transformation laws encode the factors of automorphy of the corresponding degree-1 line
bundles on F.

Theorem 1.28. Let 64, ..., 60, be the four Jacobi theta functions. Then there is a map
E/L — CP?, 2w [0i(2,7): 02(2,7) : 03(2,7) : O4(2,7)]
which is a smooth embedding of the complex torus £/ = C/ L into projective space. It is a degree 4 map

and its image is the intersection of two quadrics.

Proposition 1.29. The function o : C/L — P! is a degree 2 holomorphic map with branch points over
€1, €2, €3, Q.

We have seen the same picture of branching for the Riemann surface of the cubic equation
w® = (z —e1)(z —e2) (2 — e3);

We will use the p-function to prove the Unique Presentation by principal parts. Uniqueness being
clear on general grounds, we merely need to prove the existence statement; and this will emerge
from the proof of the first theorem below. Remarkably, this will also allow us to describe the field
of meromorphic functions over C/ L.

Theorem 1.30. Every elliptic function is a rational function of p and g’. Specifically, every even
elliptic function is a rational function of g, every odd elliptic function is @’ times a rational function of
¢; and every elliptic function can be expressed uniquely as

f(u) = Ro(p(u) + ¢ (u) Ra(p(u)),
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with Ry, R, rational functions, where the two terms are the even and odd parts of f.

Proof. Tt suffices to prove the statement for even elliptic functions; division by ¢’ reduces odd ones
to even ones. Recall that
o:C/L — P!

is a degree 2 holomorphic map. This map realizes P! as the quotient space of the torus C/L
under the identification of v with —u. Certainly the map is surjective because general theory of
holomorphic maps between compact Riemann surfaces shows that any nonconstant holomorphic
map is surjective. The map is injective because p(u) = p(v) if and only if v = £v mod L.

A bijective holomorphic map between compact Riemann surfaces is automatically biholomorphic.
Let f : R — S be such a map. The inverse function theorem guarantees that the inverse function
f~1 is smooth. Moreover, it guarantees that

a0 p—

f'(f=H(0))
Since f is bijective, it has nonzero derivative everywhere because if it did not, it would look like
2z +— 2z¥ for some k > 2 and thus it would fail to be locally bijective. Since it has nonzero

derivative everywhere, (f~')’ is defined everywhere and is in fact a complex number. Hence f~!
is holomorphic. A and C are homeomorphic but they are not biholomorphic.

So indeed P! is the quotient of C/L by the involution u — —u. Hence, any even continuous map
f:C/L— P!

has the form f = R o g, for some continuous map R : P! — PL. Moreover, g is a local analytic
isomorphism away from the four branch points, which implies that R is holomorphic there, if Ro
was so. So we know that I? is continuous everywhere and holomorphic away from the four branch
points.

The following result shows that R is holomorphic everywhere, hence a rational function.

R(z) = P(2)/Q(z) = [f(u) = P(p(u))/Q(p(u))

Writing every elliptic function as a sum of an even and an odd one, and the odd ones as g’ times
an even one, we get the desired result. [

Proposition 1.31. Let f : S — R be a continuous map between Riemann surfaces, known to be
holomorphic except at isolated points. Then f is holomorphic everywhere.

Proof. Choosing coordinate neighbourhoods near the questionable points and their images, we are
reduced to the statement that a continuous function on A which is holomorphic on A* is, in fact,
holomorphic at 0 as well. This follows from Riemann’s theorem on removable singularities. [
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A remarkable consequence is that the function @' (u)?, being elliptic and even, is expressible in
terms of . Explicitly, we have the following.

Theorem 1.32 (Differential equation for p).

where go = 60GYy, g3 = 140G, and
Gr=G(L)=> w.

weL*

Proof. Recall the Laurent expansion of the Weierstrass function

o(u) = u 2 +3G4(L)u? +5Ge(L)u* +- - - | ¢ (u) = —2u™? +6G4(L)u+20Ge(L)u’ +- - - .

For |u| < |w| and any integer k& > 1,

k(k+1)u?  k(k+1)(k+2)u?
2l uw? 3l w?

u—w) = = >k[1+kg+

Expanding each term in the defining series for o with the above, and (for small «) interchanging
sums, the odd powers in u cancel, giving

0 _9 0o
p(u) =u™? + Z (2m> Goma(L)u*™ = u™2 + Z(2m + 1) Gomya(L) u®™.
m=1 m=1

Similarly,

e -3 m
o' (u) = —2u™> + Z (-2) (2m N 1) Gaomya(L) u?™t
m=0

Using these expansions, the first few terms of (p'(u))? and 4p(u)® — gap(u) — g3 agree at u = 0;
hence their difference is an elliptic function with no poles that vanishes at « = 0, so it is identically
zero. [

The two theorems immediately lead to a description of the field of meromorphic functions on C/ L.

Corollary 1.33. The field of meromorphic functions on C/L is isomorphic to
C(2)[w]/(w® — 42° + g22 + g3),

the degree 2 extension of the field of rational functions C(z) obtained by adjoining the solutions w to
the equation
w? =423 — goz — g3.
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Theorem 1.34. Let 2y,...,2, and py, ..., p, denote the zeroes and poles of a non-constant elliptic
function f in the period parallelogram, repeated according to multiplicity. Then:

(i) m =n,

(i) Y Res, (f) =0,
k=1

(i) Yz =Y pr (mod L).
k=1 k=1

Proof. (i) follows from the fact that
1 f'(z)
2mi Jop f(2)

where P is the period parallelogram. The integral is zero because opposite sides cancel out due to
periodicity of f. (ii) follows from the fact that

dz=n—m

1

;Respk(f) ~ 55 - f(z)dz
and the integral is zero by periodicity.
Let’s integrate z];:((j)) over the boundary 0 P:
/
1= zf (2) dz
o [(2)

By the residue theorem:

I == 27” Z ReSZ:zk<Zf,/f> + 27TZ Z RGSZ:pk (Zf//f)
k k

T
7Zk’

At a zero z; of order r, we have L )
) 2

have J;((;)) ~ ———_s0 Res,, (2f'/f) = —spx. Hence

z—pg’
SkPr = sz - Zpk

1

so Res,, (zf"/f) = rz,. Atapole py of order s, we

_[ n m
5 = TkZk —
fe=

using multiplicities.



Now consider how z f’/ f behaves under translation by a period w. When you shift z — z + w;,
f'/ [ stays the same (because it’s periodic), but z changes by +w;.

When traversing the parallelogram boundary, the two vertical sides differ by the period w;, and the
two horizontal sides differ by w,. Careful calculation gives:

I =2m (wlkl + w2k2)

for some integers k1, ko, because the integral around the boundary shifts by integer multiples of
the lattice periods (this is the quasi-periodicity of the logarithm of f).

Thus
sz - Zpk =0 (mod L)

as desired. [

Remark 1.35. Let w be a meromorphic differential on a compact Riemann surface S. Then the sum
of its residues at all poles is zero. Let p; be the poles of w and take disks D; around each p;. Then the
boundary of S\ UD; is ) 0D;. By Stokes’ theorem,

dw = / w = / w

The left side is zero because dw = 0 (since w is a holomorphic 1-form). The right hand side is
2711y " Res,, (w). Hence the sum of residues is zero.

Hartshorne actually delays the proof of the residue theorem until he has developed sheaf coho-
mology, because the general proof uses Serre duality. In the analytic setting, the proof is more
elementary, as above.

Definition 1.36. Fix a local coordinate 2 at a point p. The principal part of a meromorphic function f
at p is the part of its Laurent expansion in negative powers of (z — p):

Theorem 1.37 (Unique Presentation by principal parts). An elliptic function is specified uniquely, up
to an additive constant, by prescribing its principal parts at all poles in the period parallelogram. The
prescription is subject only to condition (i1).

Proof. This is more computational, but also more concrete. We first show that we can realize any
even assignment of principal parts on C/L using a suitable rational function R(p(u)). Such an
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assignment involves finitely many points A € C/L and principal parts

LN

> oo w=n"

k=1

with the properties that:

 if 2\ ¢ L, then (—\) also appears, with assignment

nx

> (=DFa (u+ ) 7F,

=1
ie. agc_’\) = (—1)’“@53);

e if 2\ € L, then only even powers of (u — A\)~! are present.

This is because the local coordinates at A and —\ are opposite signs. Write the principal part at A

(using v = u — N): f(u) =341, az(gA) v™% 4+ ... Near —\ use w = u + \. Evenness gives
f=A+w) = f(=(-A+w) = fA—w) = Z a}(j\)(_w)fk _ Z(_l)kal(j\) wF
k>1 k>1

If 2\ € L (so —A = A on C/L), the same calculation forces ), a,(;\)v*k =Y i1 a,(g’\)(—v)’k,

hence a,(;\) = 0 for all odd k: only even powers (u — \)~%/ can appear.

Now if 2)\ & L, (p(u) — @(\))~! has a simple pole at u = A and we can create any principal part
there as a sum of (p(u) — ©()\)) ™. Evenness of p takes care of the symmetry. If 2\ € L, then we
can use either powers of g, if A € L, or powers of (p(u) — e1.23) ", which have double poles with
no residue.

Now, onto the odd functions. Odd assignments of principal parts are of the form
nx
> o w=n*,
k=1

with a matching term
nx

D (=0)kaY (w N
k=1

at —\ (i.e. N = (—1)’““@,(3)), or else with vanishing a,(j) (for even k) if 2\ € L.

(0~ )
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can be realized by a sum of powers of (p(u) — p(A\))~'. If 2\ € L but A ¢ L (not 0), then
P)Eu) /¢ (u) is also a well-defined even principal part, expressible via (p(u) — @(\))~!. The same

goes for PO(“) /¢'(u). So there exists a function of the form R, (p(u)) whose principal parts agree
with the Py (u)/¢’(u) everywhere.

The principal parts of R;(p(u)) ¢'(u) agree with the Py, except possibly at A = 0, where the cubic
pole of ¢’ could introduce unwanted or incorrect =3 and u~' terms. We can adjust the u~3 term
by shifting R; by a constant. We have no control over the u~! term, but that is determined from
the condition ) Res = 0, which indeed must be met if a function with the prescribed principal
parts is to exist.  []

Theorem 1.38 (Unique Presentation by zeroes and poles). An elliptic function is specified uniquely,
up to a multiplicative constant, by prescribing the location of its zeroes and poles in the period parallel-
ogram, with multiplicities. The prescription is subject to conditions (i) and (iii).

Lemma 1.39. g5 # 27¢2 and e, e, 3 are the roots of the equation

423 — goz — g3 = 0.

Proof. ¢ vanishes at the half-lattice points, while p takes the values ey, e, e3 there. The roots are
distinct so the discriminant of the cubic is nonzero, i.e. g5 # 27g3. [

Theorem 1.40 (Geometric interpretation). The map C/L \ {0} — C? given by

ur— (2(u), w(u)) = (p(u), ¢'(u))

gives an analytic isomorphism between the Riemann surface C/L \ {0} and the (concrete) Riemann
surface R of the function
w® =42° — gz — g3

in C.
Proof. We have the commutative diagram:

c/L\ {0} 9% R

S

C
and we know that:

« misproper and 2-to-1 except at the branch points e, es, 3, which are the roots of 423 — gy 2—gs.
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* @ is proper and 2-to-1 except at the half-period points w; /2, ws/2, w; /2 4+ ws /2, which map
to the roots eq, es, €3.

* p(u) = p(—u) and ©'(u) = —g'(—u): this means that, unless u is a half-period, ¢’ takes
both values +w = £¢'(u) at the two points +u mapping to the same z = p(u) of C.

Together, these three properties show that the map we just constructed is bijective. Note further
that, at no point u € C/L\ {0}, is ¢'(u) = ¢"(u) = 0, because ¢’ has simple zeros only (there are
three of them); this means that for every u € C/L \ {0}, either the map p or the map ¢’ gives an

analytic isomorphism of a neighbourhood of u with a small disc in the z-plane or in the w-plane.

Since the Riemann surface structure on the (concrete, non-singular) Riemann surface R is defined
by the projections to the z- and w-planes, appropriately, we conclude that (g, ') gives an analytic
isomorphism

C/L — R.

]

1.5 Riemann surfaces and field extensions
This section is devoted to explaining the equivalence of three categories.
Theorem 1.41. The following categories are equivalent:
* Compact Riemann surfaces with nonconstant holomorphic maps
* Smooth proper (and hence projective) algebraic curves over C with nonconstant morphisms

* Field extensions of C of transcendence degree 1, of finite degree over C(t) where ¢ is tran-
scendental over C, with field homomorphisms over C

The correspondence in one direction is:

Riemann surface S — function field C(.5)
Holomorphic map f : S — S’ — field homomorphism f* : C(S") — C(S)

Remark 1.42. For curves, smooth and proper implies projective. This is false in higher dimensions.

Common to both is the construction of nonconstant meromorphic functions. It suffices to find

e Amap f : R — P! which realizes R as a branched cover of P! (the transcendental part of
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the function field)

f7:C(2) = C(R)
2 f

* A nonconstant meromorphic function g on S which separates the sheets (the finite part of
the function field)

Once you have these functions, consider the set of pairs {(f(p),g(p)) : p € S} C P! x P'. This
is an analytic curve. By a theorem of Riemann (or later by Chow’s theorem), an analytic curve in
projective space is algebraic. So there exists a nonzero polynomial P(x,y) such that

P(f,g) =0 onS.

Thus, the image of S under (f, g) is contained in the algebraic curve P(x,y) = 0. Moreover,
because g separates the sheets, (f,g) is generically injective, so the map is birational. Hence
S and the curve P(z,y) = 0 have the same function field. So you’ve now explicitly realized

C(5) =C(/,9)-

We state Riemann’s theorem which allows us to pass from the analytic setting to the algebraic
setting.

Theorem 1.43. Let 12 be a compact Riemann surface and p € R. There exists a meromorphic function
f with poles of arbitrary order n at p and holomorphic elsewhere, provided that n is sufficiently large.

The method of proof involves constructing holomorphic differentials with poles at p, and in fact
one can get them to any order of pole > 2. Then if these differentials are exact, their integrals give
a single valued function with pole only at p.

Theorem 1.44. Every compact Riemann surface is algebraic.
We have an idea what this means, because we have considered Riemann surfaces defined by poly-
nomial equations
P(z,w) = w" + a,_1(2)w" 4+ 4+ a1(2)w + ap(2) = 0,

and we have seen how to compactify these; and indeed, the result does imply that every compact
Riemann surface arises in such manner. But we would like now to do more than just explain the
meaning of the theorem, and survey the basic algebraic tools available for the study of compact
Riemann surfaces.

The truly hard part of the theorem is to get started. Nothing in the definition of an abstract Rie-
mann surface implies in any obvious way the existence of the basic algebraic objects of study, the
meromorphic functions.
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Theorem 1.45. Every compact Riemann surface carries a non-constant meromorphic function.

Remark 1.46. This is the difficult part of the theorem; once we have a branched cover of P!, we can
start studying it by algebraic methods. The proof involves serious analysis, specifically finding solutions
of the Laplace equation in various surface domains, with prescribed singularities (“Green’s functions”).

Contained in Riemann’s theorem, there is a second result which we shall use without proof.

Proposition 1.47. Let 7 : R — P! be a holomorphic map of degree n > 0. There exists, then, an
additional meromorphic function f on R which separates the sheets of R over P!, in the following
sense: there exists a point z, € P! such that f takes n distinct values at the points of R over 2.

Assuming now that the Riemann surface R is connected, let C(R) be its field of meromorphic
functions. A non-constant meromorphic function z defines an inclusion of fields

C(z) C C(R).

Theorem 1.48. Let 7 : R — P! be the holomorphic map associated to the meromorphic function z.
1. [C(R) : C(z)] = deg.
2. Any f € C(R) satisfies a polynomial equation of degree < n with coefficients in C(z):

[P+ a1 ()" Fag(z) = 0.

3. Let f be a meromorphic function on R which separates the sheets of R over P'. Then C(R)
is generated by f over C(z):

4. Letnow f"+a,_1(2)f" ' +---+ap(z) = 0 be the equation satisfied by the f in (iii). Then
R 1s isomorphic to the non-singular, compactified Riemann surface of the equation

W'+ ap1 (2)w" T+ ar(2)w + ag(z) = 0.

Theorem 1.49. There is a bijection between isomorphism classes of field extensions of C(z) on one
hand, and isomorphism classes of compact Riemann surfaces, together with a degree n map to P*.

Forgetting the map to P!, we have:

Theorem 1.50. There is a bijection between isomorphism classes of fields which can be realized as
finite extensions of C(z), on one hand, and isomorphism classes of compact Riemann surfaces, on the
other.
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The theorem follows essentially from part (4) of the previous result; the only missing ingredient,
which rounds up the correspondence between Riemann surfaces and their fields of functions, is:

Theorem 1.51. Homomorphisms from C(.S) to C(R) are in bijection with holomorphic maps from R
to S.

Recall that a finite field extension £ C K is called Galois, with group I', if [" acts by automorphisms
of K and k is precisely the set of elements fixed by I'.

Proposition 1.52. The automorphisms of a Riemann surface R are in bijection with those of its field of
meromorphic functions C(R).

Let now 7 : R — S be holomorphic; it gives a field extension C(S) C C(R).

Proposition 1.53. The automorphisms of R that commute with 7 are precisely the automorphisms of
C(R) which fix C(95).

Corollary 1.54. A map 7 : R — S defines a Galois extension on the fields of meromorphic functions
if and only if there exists a group I' of automorphisms of R, commuting with 7, and acting simply

transitively on the fibres 7 !(s), for a general s € S. Such a map is called a Galois cover with group
.

Proof. Note first that any automorphism of R, commuting with 7, which fixes a point of valency
1 must be the identity. Indeed, by continuity, it will fix an open neighbourhood of the point in
question, and the unique continuation property of analytic maps shows it to be the identity. Now,
if C(R) is Galois over C(S5), the order of the group of automorphisms is [C(R) : C(S)]. So the
automorphism group must act simply transitively on the fibres which do not contain branch points.
Conversely, an automorphism group acting simply transitively on even one fibre with no branch
points must have order deg . But since that is [C(R) : C(95)], it follows that the extension is
Galois. [

Remark 1.55. Note that R/T" = S, set theoretically. Topology tells us that the I'-invariant continuous
functions on R are precisely the continuous functions on S. We have just shown the same for the
meromorphic functions.

Example 1.56 (Galois covers).

(i) P! — P!, with w — z = w?. The automorphisms are z — (z, where ( is any cube root
of 1.

(i) C/L — P!, with u — gp(u). The non-trivial automorphism is u — —u. The surface
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w? = 423 — goz — g3 is a Galois cover of the z-plane, with Galois group Z/2 and automor-
phism w — —w.
2 Coherent sheaves

Let X be a complex manifold and Oy the sheaf of holomorphic functions on X.

Definition 2.1. A sheaf of Ox-modules F is coherent if
1. F is locally of finite type: for every x € X there is a neighborhood U and a surjection

o —».7-"|U,

lv

2. forevery open set U C X and every morphism ¢ : in |U — F
of finite type.

.- the kernel ker ¢ is locally

Remark 2.2. For quasi-coherent sheaves on a locally Noetherian scheme, being locally of finite type is
a local/stalkwise condition, and kernels of maps of finite free modules are again finite type automatically
(because any submodule of a finitely generated module over a Noetherian ring is finitely generated).
Thus, a locally Noetherian scheme, a quasi-coherent sheaf F is coherent iff it is of finite type.

Example 2.3. Oy is coherent. The condition that Oy is locally of finite type is trivial. We need to see
that for every map
¢ : Og’i—m — 0 X

the kernel ker ¢ should be locally generated by finitely many sections. Equivalently, we can show that

1. for each z € X, the local ring Ox , is Noetherian. We can do this by identifing Ox , with
convergent power series in n = dim X variables, which is known to be Noetherian by the
Weierstrass division theorem (See Example 2?).

2. For every homomorphism of free modules over Ox ,,
. O@m O
(p : X7x —> X,SE?

the kernel ker ¢ is a finitely generated Ox ,-module. Over a Noetherian ring, submodules
of finitely generated modules are finitely generated. These generators can be lifted holomor-
phically to a neighborhood of x to give local generators of ker ¢.

Definition 2.4. An invertible sheaf (or line bundle) on a complex manifold X is a coherent sheaf
of Ox-modules £ which is locally isomorphic to Oy, i.e. for every z € X there exists an open
neighborhood U of x such that L‘U =0 X‘U'
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Example 2.5. The sheaf of holomorphic sections of a holomorphic line bundle is an invertible sheaf.

Example 2.6. Let K be the sheaf of holomorphic differentials on a Riemann surface R. Then K is an
invertible sheaf.

Example 2.7 (Holomorphic differentials on P!). Indeed, over the usual chart C, the differential must
take the form f(z)dz with f holomorphic. Near co, with w = 1/z as a coordinate, the differential
becomes

f/w)d(1/w) = = f(1/w) dw/w?®.
So we need f(1/w)/w? to be holomorphic at w = 0, so f should extend holomorphically at co and
have a double zero there. But then f must be zero.

Example 2.8. Consider the Riemann surface R defined by

wt=1- 2%

We will find holomorphic differentials on its compactification R°P*.

The branch points of the projection to the z-plane are at z = £1, 4-4; w = 0 at all of them. The map has
degree 4 and branching index 3 at each of the points. At oo, we have four separate sheets defined by
w = +/1 — 2* which has four convergent expansions in 1/z, as soon as |z| > 1. So Riemann-Hurwitz
gives

g(R)—1=—-4+1.12=2 ¢(R)=3.

Thus R is a genus 3 surface with 4 points at co.

Now dz defines a meromorphic differential on R°P', because z is a meromorphic function there. At oo,
on RP' y = 21 is alocal holomorphic coordinate, and dz = —u~2du has a double pole.

On the other hand, I claim that dz has a triple zero at each of the branch points. Indeed, by the theorem
on the local form of an analytic map, there is a local coordinate v with z — 1 = v%. So
dz = d(v*) = 4v° dv

has a triple zero over z = 1, and similarly over the other branch points.

So dz/w?, dz/w? are still holomorphic at the branch points (and everywhere else when z # oo, because
w # 0). At z = oo, w has a simple pole on R°"* and we see that w~2dz and w3dz (and higher powers)
are non-singular there. Moreover, we can even afford to add z dz/w? to our list, and we have produced
three holomorphic differentials on RP*.

The ratios of holomorphic differentials on R°P* generate the field of meromorphic functions.

dz Jw? zdz/w?

dz /w3 - dz /w3 -

and z, w generate the field of meromorphic functions, by our theorem from last time.
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2.1 Line bundles and divisors

If f is a nonconstant meromorphic function on a compact Riemann surface R, then we defined the
divisor of f to be

(f) =Y ordy(f)p

PER

where ord,,(f) is the order of vanishing of f at p (negative if f has a pole at p).

We defined the following sets:

Div(R) = {formal finite sums Z npp,ny, € L}
PDiv(R) = {divisors of meromorphic functions}
CIl(R) = Div(R)/ PDiv(R)
and there is a map
Div(R) — Pic(R)
D — O(D)
where

O(D)(U) = {f meromorphicon U : (f)|y + D]y > 0}

is an invertible sheaf. More precisely, from D one gets an invertible sheaf O(D) along with a
meromorphic section sp such that (sp) = D.

One can think of sp as the constant function 1. In particular, recall that O(D) is locally isomorphic
to Op by picking local defining equations 7, for D on an open cover U,. Recall that on a smooth
variety there is an equivalence between Cartier divisors and Weil divisors. Then the isomorphism
O(D)|y, — Oglu, is given by multiplication by 7,. Then the canonical meromorphic section s p,
when restricted to U,, is given by 7, which has divisor D/, .

Therefore, there is an isomorphism of abelian groups

Cl(R) — subgroup of Pic(R) consisting of invertible sheaves admitting meromorphic sections
D~ (O(D),1)

and this is in fact an isomorphism of groups because of the following theorem.

Theorem 2.9. Every line bundle £ on a Riemann surface has a nonzero meromorphic section. More
generally, every vector bundle admits a global meromorphic frame.

Remark 2.10. The compact case follows from the Kodaira vanishing theorem. In the noncompact
case, all holomorphic vector bundles on noncompact 2 are trivializable and therefore admit a global
holomorphic frame.
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Remark 2.11 (Confusion about degrees of meromorphic functions/sections). By definition of the in-
vertible sheaf O(D), its holomorphic sections are those rational functions f € C(R) such that (f)+D > 0.
The degree of a meromorphic function is zero. However, the same function interpreted as a section of
O(D) has degree deg D. This is because the transition functions of O(D) introduce additional ze-
roes/poles to the section.

For example, consider the line bundle Op:(1) on P!, and let 2z be the coordinate near zero, w the
coordinate near infinity. Then z is a meromorphic function on P!, it has a simple zero at 0 and a simple
pole at oo, so it has degree zero as a meromorphic function.

However we can also consider it as a section of Op:(1). Recall that Op: (1) is constructed by taking two
copies of C with coordinates e, e, and gluing them on the overlap by e, = wey.

A section of Op:1(1) is given by a pair of functions (sy(z)ep, Soo(Ww)es) so that on the overlap, both
expressions agree. In particular
50(2)€0 = Soo(W)eso = Soo(w)(wep)
so the rule becomes
Soo(W) = wso(1/w)
Therefore the section corresponding to the meromorphic function z is given by

So(2) =z
Soo(w) = wsp(l/w) =w - (1/w) =1

so as a section of Op1(1), 2 has a simple zero at 0 and is nonvanishing at co. Therefore as a section of
Op1(1), z has degree 1. In particular it is a global holomorphic section of Op:(1 - c0).

A meromorphic section of O(D) also comes from a meromorphic function and it will have the same
degree as D. In particular, if O(D) has a nonzero holomorphic section, then the degree of a meromor-
phic section will equal the degree of a holomorphic section, which we aptly call the degree of the line
bundle.

The point is that sometimes line bundles do not admit holomorphic sections, for example Op1 (—1) has
no nonzero holomorphic sections. In that case, the degree of the line bundle is still defined, and it is
precisely the degree of any meromorphic section (which always exists by the above theorem).

Those line bundles with a nonzero holomorphic section are precisely those which come from effective
divisors, i.e. £ = O(D) with D > 0. This is because if £ has a nonzero holomorphic section s, then
(s) > 0is an effective divisor and £ = O((s)). Conversely if £ = O(D) with D > 0, then the constant
function 1 is a nonzero holomorphic section of O(D).

However it is not true that every line bundle of nonnegative degree is linearly equivalent to an effective
divisor, unless g = 0. Consider the line bundle Ox (p — ¢) of degree zero for distinct points p, ¢ € X. If
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this line bundle were effective, then there would exist a nontrivial holomorphic section s of Ox (p — q).
This would immediately give an isomorphism to P*. So every curve of genus g > 1 has non-effective
degree-zero line bundles. See Remark 3.12 for another viewpoint.

Recall that the multiplicative Cousin problem is the problem of finding a global meromorphic
function with prescribed zeroes and poles. The additive Cousin problem is the problem of finding
a global meromorphic function with prescribed principal parts. The above theorem shows that both
problems are always solvable on a noncompact Riemann surface.

Theorem 2.12. On a noncompact Riemann surface, the multiplicative and additive Cousin problems
are always solvable. Moreover every holomorphic vector bundle on a noncompact Riemann surface is
trivializable.

Definition 2.13 (Degree of a line/vector bundle). The degree of a line bundle £ on a compact Riemann
surface R is defined to be the degree of any meromorphic section of £. This is well defined because if
s, s are two meromorphic sections of £, then s/s’ is a meromorphic function on R and has degree 0.

The degree of a vector bundle £ is defined to be the degree of its determinant line bundle det £ = A™KEE,

Fact 2.14. On a compact Riemann surface, the degree and dimension of a vector bundle completely
determine the topology of the bundle.

Proposition 2.15. Every holomorphic line bundle on P! is isomorphic to Op1 (n) for some integer n.
Proof. We can solve the multiplicative Cousin problem on P! for degree zero divisors. [

Proposition 2.16. Let £ = C/L be an elliptic curve. Then
0— FE— Pic(E) -Z—0

is a short exact sequence of abelian groups. It splits, so Pic(F) = E x Z.

Example 2.17 (Doubled lattice). Recall that every ellptic curve £ = C/L has a degree four cover by
E=C /2L. We defined four 6 functions on E, let £; be the corresponding line bundles. Then 7*L; are
all isomorphic on E because the beriodicity conditions all become the same after doubling the lattice.
Moreover recall that there is a map

E =P, 2w [01(2,7):0:(2,7): 03(2,7) : 04(2,7)]

which is in fact a projective embedding by a line bundle.

Recall that in general if one has £ a line bundle on X, then we can consider the evaluation map
X — P(H°(X,L)*) givenby z — {s € H(X, L) : s(x) = 0} when L has enough sections. For
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example, if £ has negative degree than it has no sections. If £ has degree 0 then it has a section if
and only if it is trivial.

2.2 Vector bundles and elementary transformations

The analog of ® O(D) for vector bundles is called an elementary transformation. Let V' be a vector
bundle on R and choose a subspace S C V..

Define elm(V, p, S) to be the sheaf of sections of V' whose value at p lies in S. This is a vector
bundle whose degree is deg V' — codim S.

0—elm(V,p,S) =V = (V,/S)®0, =0
Therefore there is a short exact sequence of vector spaces
0— K —elm(V,p,S), >S5 —0
with the property that
elm(elm(V,p, S),p, K) = V(—x)

and so elementary transformations are invertible up to twisting by a line bundle (which is also in-
vertible). This resolves the obvious obstruction that elementary transformations reduce the degree
of a vector bundle.

Proposition 2.18. Every vector bundle is obtained from a trivial vector bundle by a finite sequence of
elementary transformations and tensoring by line bundles.

Exercise 2.19. Let V' be arank 2 (for simplicity) vector bundle over a Riemann surface R. Assume that
V" has two meromorphic sections s, So which, at some point, are holomorphic and span the fiber.

(a) Show that this will be the case everywhere except at a set of isolated points.

(b) At an exceptional point, show that we can modify V' by a finite sequence of elementary
transformations so that s; and s, form a holomorphic frame of the new bundle.

Let s1, s2 be two meromorphic sections of a rank 2 vector bundle V' over a Riemann
surface R. Since V' is a holomorphic vector bundle, there exists a local trivialization of V' around p.

V’U = OU€1 D OU€Q
and we can write

s1 = fie1 + faea, S22 = g1e1 + g2
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where f;, g; are meromorphic functions on U. The failure of sq, s, to span the fiber at a point ¢ € U is
given by the vanishing of the determinant

D(q) = fi(q)g2(q) — fo(q)g1(q).

which is a meromorphic function on U. The zeroes of a meromorphic function are isolated unless the
function is identically zero. Since si, s, span the fiber at p, D is not identically zero. Therefore, the
set of points where s1, s, fail to be holomorphic or fail to span the fiber is a discrete set of isolated
points in R, because meromorphic functions can only have isolated singularities and the determinant D
is meromorphic.

Let D be the effective divisor of the poles of s, s;. We can make s;, s, holomorphic by twisting V' with
the line bundle O(D), i.e. consider the new vector bundle

V(D) =V ®O(D)

Then s, so are holomorphic sections of V(D). Now consider a point p where s;, s, fail to span the
fiber of V(D). If s1(p) and s5(p) both vanish, then twist by an appropriate power of O(—p) to make at
least one of them non-vanishing at p, say s;(p) # 0. In a chart near V(D) we have a local trivialization
V(D)|ly = Oper @ Opes so that s; = e1 and so = f(z)e; + g(z)es for some holomorphic functions
f(2),9(2). Let L = Ce; C V,. We can perform an elementary transformation of V(D) at p with respect
to L to obtain a new vector bundle ' which fits into the short exact sequence of coherent sheaves

0=V =V(D)— (V(D),/L)® O, — 0. (1)
The wedge product of the sections is given by
s1 A\ sg = g(z)er A es.

Since s, $» fail to span the fiber at p, we have ¢(0) = 0, so we can write g(z) = z"h(z) for some n > 1
and unit 4(0) # 0. After absorbing the unit i(z) into ey, we can assume g(z) = z". Then we have in
local coordinates sections s; = e; and s, = f(z)e; + 2"es.

The elementary transformation V"’ is locally generated by the sections s| = e; and s, = zes. This
is because V' (U) consists of sections of V(D)(U) whose value at p lies in L = Ce;. Any section of
V(D)(U) can be written as a(z)e; + b(z)ey for some holomorphic functions a(z), b(z). The condition
that the value at p lies in L means that 6(0) = 0, so we can write b(z) = zc¢(z) for some holomorphic
function ¢(z). Therefore, sections of V/(U) are of the form

a(z)er + zc(z)ea, a(z),c(z) € Oy

which means V'(U) is a Oy-module freely generated by e; and zes. In particular, the bundle V' is
locally trivialized by the sections e; and e, = zes. In the new bundle V’, the sections s; and s, have
wedge product

/ /I n—1 !
SN Sy =2" "er A\ ey.
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Thus, the order of vanishing of the wedge product at p has decreased by 1. By repeating this process a
finite number of times, we can obtain a vector bundle where s;, s, span the fiber at p. By performing
this procedure at each point where s1, s, fail to span the fiber, we can obtain a vector bundle where
s1, So form a holomorphic frame everywhere.

Remark 2.21. The argument generalizes to any dimension. If R is compact, it follows that we can
trivialize V' by a finite number of elementary transformations. If R is non-compact, one can show that
every vector bundle is in fact trivial.

Theorem 2.22 (Grothendieck’s theorem). Every vector bundle on P! is isomorphic to a direct sum of
line bundles.

rank V'

V= @ OPI(TLZ‘)
i=1

where n; > n; ;. Moreover, the n; are uniquely determined by V. The degree of V' is the sum of the
n;.

Exercise 2.23. In this exercise we will prove Grothendieck’s theorem assuming the fact that every
vector bundle on P! can be constructed from a trivial bundle by a finite sequence of elementary trans-
formations.

(a) Consider the vector bundle V' with sheaf of sections O(n;) @ --- & O(ny,) over P!, with
ny < --- < ng. Show that the sequence of integers n; is uniquely determined by V.

(b) In contrast with (a), show that O(1) & O(—1) and O & O are isomorphic as topological
vector bundles.

(c) Show that there is a holomorphic automorphism of V' which takes the vector [1,0, ..., 0] in
the fiber over O to [1,1,...,1].

(d) Assuming the fact that every rank & holomorphic vector bundle on P! can be constructed
from O®* by elementary transformations, show that it must be isomorphic to one of the
form in (a).

(a) Suppose also V' ~ @le O(m;) withm; < --- < my. Recall
Hom(O(a), O(b)) = H*(O(b — a))

which is 0 if b < a and nonzero if b > a.
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(b)

(c)

(d)

2.3

Consider the » maps ¢, given by the composition

k
O(mi) = V = P O(my) - O(m,)
j=1
At least one composite O(ny) — O(m,.) is nonzero (if not then the inclusion would be zero),
forcing m, > ny. With the orderings this gives mj; > n;. By symmetry (swap the roles of

n, m) we also get n, > my. Hence n, = my. Cancel that summand and argue by induction
on k.

Complex vector bundles of rank 2 on P! = S? are topologically classified by homotopy
classes of maps from S? to the classifying space BU(2). Since

m(BU(2)) = m(U(2)) = Z

the isomorphism classes of rank 2 complex vector bundles on S? are classified by an integer,
which is the first Chern class of the bundle. The first Chern class is additive under direct
sum, and ¢;(O(n)) = n. Thus, both O(1) & O(—1) and O & O have first Chern class 0, so
they are isomorphic as topological vector bundles.

Order ny < --- < ng. For i > 1 pick the constant section s;; € HO(O(ni - nl)) equal to 1
(exists since n; — ny > 0). View s;; as a morphism O(n;) — O(n;).

Define an endomorphism of V' by the lower-triangular matrix with ones on the diagonal and
s;1 in the (i, 1)-entry, zeros elsewhere. It is clearly an automorphism. On the fiber over 0 it
sends [1,0,...,0]to (1,s21(0),...,s.1(0)) = (1,1,...,1).

Let L be the span of the first basis vector in the fiber of O(n;) at p. On sections near p,
evp

0 — ker (O(n1) = C,) = O(ny — 1) — O(ny) — C, — 0, while the other summands
are untouched. Therefore Elm,, (6D, O(n;)) = O(n1—1)@0O(ny) & - - - @ O(ny). Dually,
the inverse elementary transform raises one chosen summand by +1. Hence any sequence
of elementary transforms starting from O%" stays split and merely adjusts integers on the
summands by 1. After reordering to n; < --- < ng you land in a bundle of the form in (a).

Example 2.25. On P!, we have homeomorphic but not biholomorphic vector bundles O(1) & O(—1)
and O @& O. They both have degreee zero and the same number of sections. However, in O & O,
the two independent sections give a global holomorphic trivialization whereas in O(1) & O(—1), the
same-dimensional space of global sections only generates a proper subbundle.

Riemann-Roch theorem for vector bundles

To a divisor D = ) n,p on a compact Riemann surface 12, we can associate the invertible sheaf
O(D), defined by

O(D)(U) = {f meromorphicon U : (f)|y + D|y > 0}
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The fact that O(D) is a locally free sheaf of rank one follows from the following fact:

Lemma 2.26. The space of holomorphic functions in the unit disk having a zero of order > n at 0 is a
free module of rank one over the ring of all holomorphic functions, generated by z".

In fact every invertible sheaf on a Riemann surface is of the form O(D) for some divisor D.

Theorem 2.27. There is a group isomorphism

Cl(R) — Pic(R)
D — O(D)

where Cl(R) is the divisor class group of R defined by Cl(R) = Div(R)/ PDiv(R) and Pic(R) is the
Picard group of R. The inverse map is given by

L (s)
where s is any nonzero meromorphic section of L.
Remark 2.28. The above theorem is special to Riemann surfaces.

1. The local ring Ox,, is a discrete valuation ring (a DVR) and thus every rank-1 torsion-free
module is free.

2. Every line bundle admits a meromorphic section.
In higher dimension these fail:

1. In higher dimension, the local ring at a point is not a DVR, so there exist rank-1 torsion-free
sheaves that are not locally free (i.e. not line bundles).

2. Not every line bundle admits a meromorphic section in higher dimensions. For example, on
a complex torus of dimension > 2, there exist line bundles with no nontrivial meromorphic
sections.

The comparison between line bundles and divisors can be formalized to the statement that on a Rie-
mann surface, Cartier and Weil divisors coincide. This is because Cartier divisors correspond to the
transition functions of line bundles. In general, Cartier divisors are Weil divisors when X is regular in
codimension one.

The identification Div(.X)/ PDiv(X) = Pic(X) continues to hold for projective algebraic manifolds
X, by a similar argument, but can fail for non-algebraic manifolds. It also fails for singular varieties.

The Riemann—Roch theorem is the best possible answer to the question of finding the dimension of
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the space I'(R; L) of holomorphic sections of a line bundle by topological methods. This question
does not have a purely topological answer, as seen from the following.

Example 2.29. Let g(R) > 0, fix a point y € R and consider the family of divisors D, = x — y on
R, parametrized by x € R. For x # y, D, is not principal, because a meromorphic function with a
simple pole at z and no other poles would describe a degree one map R — P!, which would have to
be an isomorphism. However, D, = 0 has a nontrivial holomorphic section: the function 1. So the
dimension of the space of holomorphic sections can jump in a family. Note that all line bundles O(D,,)
have degree zero, so they are topologically trivial. This means that no topological information will
detect dimI'(R; L).

The topologically invariant quantity turns out to be
X(R; L) := dim H*(R; L) — dim H'(R; L).

Here, HY is the desired space of global sections, while the first cohomology group H' will be
defined in a moment. The result is especially important in the case of Riemann surfaces because
dim H'(R; L) has another interpretation, as the dimension of the space

dim H*(R; K ® L")

of holomorphic differentials with values in the dual line bundle LY. The relation to differentials
will be our second major result, the Serre duality theorem. I separate the two theorems (which are
often combined in the Riemann surface literature) because their higher-dimensional generalisations
are quite different.

Definition 2.30. The space P,(V') of principal parts at + € R with coefficients in a holomorphic
vector bundle V' is the quotient

M. (V)/O:(V)

of the space of germs at = of meromorphic sections of V' by the subspace of germs of holomorphic
sections. The space P(R; V') of principal parts over R is the direct sum, over all points = € R, of the
Pa(V).

In a local coordinate centred at x, P, (V) is the space of negative Laurent polynomials with values
in V. For later use, we note that P(R; V) is the space of sections of a sheaf P(1") over R; however,
in order to satisfy the sheaf condition for (possibly infinite) coverings, one must allow on a general
open set U a distribution of principal parts over any discrete, but possibly infinite set. It is the
compactness of I that forces the restriction to finitely many points, and limits us to the direct sum.
There is a linear map induced by the morphism of sheaves M (V') — P(V)

p:T(RM(V)) — T(R;P(V))

which assigns to each meromorphic section its principal parts. The kernel of p consists of (the
sheaf of) holomorphic sections of V.
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Definition 2.31. The first cohomology group H'(R; V') with coefficients in the (sheaf of holomorphic
sections of the) vector bundle V' is the ratio

HY(R;V) = P(R;V)/Im(p),

that is, principal parts modulo global meromorphic sections.

In other words, we have a four-term exact sequence

0 — H'RV) — T(RM((V)) & P(R;V) — HYR;V) — 0 )

Remark 2.32. We will rediscover this construction of H' in the context of sheaf cohomology, and the
sequence (2) will be the long exact sequence of sheaf cohomology associated to the short exact sequence
of sheaves

00— OV) — MV) — P(V) — 0.

The key point will be the vanishing of higher cohomologies for the sheaves M and P.

Example 2.33. Any distribution of principal parts of functions on P! can be realised by a meromor-
phic function, unique up to an additive constant, showing that H'(P!; O) = 0. The additive constant
even gives us one dimension to spare, so that we also have H*(P'; O(—1)) = 0: indeed, we can re-
alise O(—1) by imposing simple vanishing at oo on Q; principal parts in O(—1) then have their usual
meaning at every finite point, whereas at oo the constant term is now included in the principal part.

However, for O(—n), n > 1, we start meeting obstructions: indeed, we can now give the first n non-
negative terms in the Laurent series at oo, as part of our principal part specification there, and we
can only match the constant term with a meromorphic function; every additional term contributes one
dimension to H*.

Leaving the remaining easy cases to the reader, we get the following answers:

n+1l, n>-1,
dim H°(P'; O(n)) = { dim H'((P*; O(n)) = {
0, n<-—1,

0, n > —1,

-n—1 n< -1

Theorem 2.34 (Riemann—Roch theorem for vector bundles). Let R be a compact Riemann surface
of genus g, and let V' be a holomorphic vector bundle of rank r and degree d on R. Then the Euler
characteristic of V' is given by

X(R,V) =dim H*(R,V) —dim H'(R,V) =d + (1 — g)

Lemma 2.35. Let f : X — Y be a branched cover of Riemann surfaces. If F is a locally free Ox-
module, then f,.F is alocally free Oy-module. The rank of f.F is n - rank F, where n is the degree of
the cover.
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Proof. Suppose y is not a branch point. Then the fibre f~!(y) consists of n distinct points
x1, ..., T, and there are neighbourhoods U of y and V; of x; such that

Aoy = |vi and fly,: ViU
=1

is a biholomorphism.

Then
mfwnzﬂf%wrfﬁfm>

Shrinking U if necessary, we may assume that J is trivial on each V;, so that
F(V) = Ox(V)*"

where 7 is the rank of F. Since f|y; is a biholomorphism, we have
Ox (Vi) = Oy (U)

Therefore,
(LF)U) = @ Oy (U)*" = Oy (U)™™

showing that f,F is locally free of rank nr near y.

Now suppose that y is a branch point. To show f,.F is a vector bundle, we must show that its stalks
are free Oy,,-modules. By definition, for any sheaf / on X we have

(FF), = lim F(F(0)).

yelU

Given a finite map, the topology of the fiber decomposes the stalk into a direct sum over preimages:

(fF)y = @ F.

z€f~1(y)

Note that F, is naturally an Ox ,-module, and Oy, acts on it via the pullback map
f# : Oy7y — OXJ.

Thus (f.F), is an Oy, -module through f #_ and thus we want to show that Oy near z is a free
module of rank n over Oy near y. We identify

Oyy = C{z},  Ox. = Huw}
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Take any holomorphic function in w.

g(w) = Z arw".
k=0

Grouping the terms according to their residue modulo n, we have
g(w) = ho(2) + hi(2) w4 -+ + hyp_1(2) w1,

Thus C{w} is a free C{z}-module of rank n with basis 1, w, ..., w" . In other words, Oy, is a
free Oy,,-module of rank n. This completes the proof. [

Example 2.36 (Riemann-Roch on P'). We will directly verify the Riemann-Roch theorem for vector
bundles on P!, Since every vector bundle on P! splits as a direct sum of line bundles by Grothendieck’s
theorem, it suffices to verify the theorem for line bundles (y, rank, and degree are additive under direct
sum).

For each n € Z, we have already computed

n+1, n>-—1, 0, n > —1,
dim H°(P', O(n)) = dim H'(P', O(n)) =
0, n < —1,

so in all cases
x(P',0(n)) := dim H°(P',O(n)) — dim H'(P',O(n)) = n+ 1.

is precisely the statement of Riemann-Roch for P*.

Proof of Riemann-Roch for vector bundles. We realize our surface R as an n-sheeted branched
cover 7 : R — P! for some n. We will prove the theorem on R by pushing V' down to P*
and using Riemann-Roch there. For P!, the theorem follows from Grothendieck’s classification
(Theorem 2.22) of vector bundles and the explicit calculation for line bundles.

Let B € Div(R) be the branch divisor of the cover, the sum of branch points repeated according
to the branching index. The degree of B is the total branching index b.

Consider the direct image bundle 7,V on P!, associated to the sheaf m.O(V). I now make the
following three claims:

() H(R;V) = HY(PY,7,V) fori=1,2;
(i) rank 7,V =n-rankV;

(iii) degm,V =degV — %b -rank V,
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where b is the total branching index.

Claim (ii) follows from the previous lemma. (i) is clear for H° but less so for H'; (iii) seems
obscure. Granting the claims for now and writing r» = rank V', we find

X(R; V) = x(P; 7, V) = (deg V — %br) +n-r=degV+(1—g)-r,

using Riemann-Hurwitz, thus proving the Riemann-Roch theorem.

It remains to prove the claims. Actually, claim (i) follows from the two observations that
M(PY 7, V) = M(R;V) and  PP,mV)=PR;V).

Both statements actually hold at the level of sheaves, .M (V) = M(7.V') and similarly for P,
but we do not need that fact.

Where 7 is unramified, a holomorphic section is a tuple of r-vectors of holomorphic functions on
each sheet, and a meromorphic section is a tuple of r-vectors of meromorphic functions on each
sheet, so the equality of sheaves T,.M (V) = M(7.V) and 7.O(V') = O(, V) is clear.

Likewise, at a branch point, in the local form w +— 2z = w", we again have the decomposition of
every holomorphic/meromorphic section, which after trivializing V', can be written as an r-vector
of holomorphic/meromorphic functions in w. Grouping terms according to their residue modulo
n again gives the desired equalities of sheaves. Thus again we have 7. M (V) = M(m, V) and
m.0(V) = O(m,V). Quotienting gives the equality for principal parts.

Now claim (i) follows from the two exact sequences
0— HR,V) =T (RM(V)) =T(R,PV)) = H(R,V)—0
0— H' (P 7V) — (P, M(x,V)) = T(P, P(r.V)) — H' (P!, m,V) — 0.

since we have identified the middle two terms in each sequence.

The curious claim is (iii), which we now prove. For starters, observe that the fibre of 7,V at some
z € P! where R is not branched is the sum of the fibres of V' at the points in 771 (2).

An elementary transformation on V' at some y € 7~ 1(2) effects an elementary transformation on
.V at z, with a subspace of the same codimension (the original S, plus the sum of the other
fibres). So the degrees of the two bundles change by the same amount. Transforming all the way
to the trivial bundle C" gives the relation

degm,V —degV = degm,C" — deg C" = r - deg 7,.C.

So we need to show that deg w0 = —b/2. We now consider the dual vector bundle (7.0)", which
has degree opposite that of 7,.O; the desired equality is equivalent to

deg ((m.0)") = deg 7.0 + b.

This equality, and with it the theorem, follows by comparing degrees in the following lemma. [
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Lemma 2.37. With notation as in the proof above,
(m.0)" = 7, (O(B)).

More generally,
(m (VY)Y = (VY (V)(B)).

Proof. To exhibit the duality, we must construct a perfect pairing between the two direct image
bundles. For a meromorphic function on R, define its trace Tr,a along 7 to be the sum of the
values along the fibres of 7 (with multiplicities, at branch points): this is a meromorphic function
on P!,

A key point is that the trace of a function in O(B) is in fact holomorphic: the order of the pole
on R is too small to create a pole on P'. (The trace will have growth less than |z|~! in a local
coordinate, as can be checked in the local form of 7.)

Define now a bilinear pairing
.0 X W*O((B)) — O, o X1 — Trp(p 1), 3)

where the sections ¢, 1) of the sheaves on U € P! are being viewed as functions on 7~ (U),
multiplied pointwise and fed into the trace. This is bilinear over Op:.

To check that this is a perfect duality between direct image bundles, we can pass to the local form
w > z = w" of the map; then O, has basis {1,w,...,w" '} over O, while O,,(B) has basis
{1,w™',...,w™ =D}, The trace sums the values at w, (w, ..., (" w, where ( = ¢*™/", and we
obtain from the above equation the natural pairing between the two bases.

For general V/, the same argument applies, but now the trace pairing must include the trace pairing
onV x VVaswellas Tr,. O

Exercise 2.38. Prove that every compact Riemann surface of genus 2 is hyperelliptic, meaning that it
can be realized as a double (branched) cover of P*.

Being genus 2 means that the space of holomorphic differentials H°( R, K) is 2-dimensional.
Pick a basis wy, ws. Since K has degree 2g — 2 = 2, the differentials w; each have two zeroes (counted
with multiplicity). If they had a common zero, then they would be linearly dependent (since they are
sections of a line bundle with a common zero), contradicting the choice of basis. Therefore, w; and w,
have no common zeroes.

Define a meromorphic function f = w; /wy. Since w; and wy have no common zeroes, f is well-defined
and meromorphic on R. The poles of f are the zeroes of ws, and the zeroes of f are the zeroes of w.
Each differential has two zeroes, so f has two poles and two zeroes, counting multiplicities. Therefore,
f is a degree 2 meromorphic function on R, which defines a double cover of P! (the Riemann sphere).
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2.4 Coherent sheaf cohomology
Recall if V' is a vector bundle on a compact Riemann surface R, then we proved that
X(R,V) =dim H*(R,V) — dim H'(R,V) = deg V + rank V(1 — g)

Moreover, we saw that any coherent sheaf S on R locally splits as a direct sum of a vector bun-
dle and a torsion sheaf supported at finitely many points. More precisely, there is a short exact
sequence

0T —=-S—=V-=0

where T is the subsheaf of torsion sections of S and V' is a vector bundle. This short exact sequence
is canonical but the splitting is not.

We have H°(R, T') has dimension the global length of 7. We define

HY (R, T)=0

and this is justified because
M®RoT =0
PRoT =0

where M is the sheaf of meromorphic functions and P = M /O is the sheaf of principal parts.
Define

deg 7 = dim H*(R, T)

In particular, this definition of H*(R,T) is justified because it is compatible with the Riemann-
Roch theorem for coherent sheaves and it makes degree additive in short exact sequences. For
example, one can check that

0— O(—np) - O — C{z}/(z") — 0

where p is a point with local coordinate z and Cz denotes the ring of germs of holomorphic func-
tions at p.

Theorem 2.40 (Long exact sequence in cohomology). Let

08 —->8—-8"-=0

be a short exact sequence of coherent sheaves on a compact Riemann surface R. Then there is a long
exact sequence in cohomology

0— H°R,S) — H°R,S) - H'(R,S") - H'(R,S') - H'(R,S) - H'(R,S") = 0

and the Euler characteristic is additive

X(R7 S) = X(Rv 8/) + X(R> S”)
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To prove this theorem, we will introduce spectral sequences in a limited context. Let (S°®,d®) be
a complex of coherent sheaves of finite length on a compact Riemann surface R. We can form a
double complex

e P(SH) —L s P(SH) —— -

pi]\ pi+1]\

S M(ST) T M(STF) —— -

where M(S?) is the sheaf of meromorphic sections of S and P(S') = M(S*)/S" is the sheaf of
principal parts. The vertical maps p’ are the natural projections. We can form the total complex

Tot™(S®) = P(S™ 1) @ M(S™)
dig = dp '+ (=1)"d}
We define the hypercohomology of the complex S° to be
HY(R, §°) = H"(D(R, Tot*(5*)))

We want to relate H*(R, S*®) to the cohomology of the individual sheaves S°. Note the vertical
differential computes exactly H*(R,S?). So if all the horizontal differentials were zero, we would
have

H*(R,8*) = @ H(R,S') = H'(R,8*) & H'(R,S8")
i+j=k

In general, the horizontal differentials are not zero and we only have the following approximation.
Theorem 2.41 (Hypercohomology long exact sequence). There is a long exact sequence

-« — ker dleO(R,Sk)/imdk_1|H0(R’Sk1) — Hk<R, S*) — ker dk_1|H1(R78k1)/imdk_2|H1(R,$k2) — e

We will get this theorem as a special case of the spectral sequence associated to a double complex.
This presents the hypercohomology H*(R, S*) as an extension of a subspace of the right term by
a quotient of the left term. These terms are computable from H*(R,S") and the differentials d".

This is an example of the spectral sequence associated to a double complex.
- o
pt+q=k
Then we can compute the hypercohomology of the total complex knowing something about the

vertical differential. We can do a page by page computation, taking the total complex as the E°
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page. Then the E' page is given by taking the cohomology with respect to the vertical differential.
The only maps which survive are the horizontal differentials induced on the cohomology groups.

SN Hq+1((jp7°) L) Hq+1(0p+11°) - ...

- ——— HY(CP*) L) Hq(CpH,-) - s ..
The E? page looks like:

q

Q%%%%ﬁ g

Theorem 2.42. There exists an induced second differential of bidegree (2, —1) on the E? page

7,4
E2

a5 B — ERYRe
Our example had only two rows, so the d, differential was zero. In general, one can continue this
process to get higher differentials
dP : gt — EPrraTl
Theorem 2.43. If or when the procedure stops, the £%:¢ page contains the associated graded of the

cohomology of the total complex with respect to the filtration by the horizontal differential. More
precisely, there is a filtration

0=F""H c F*H* C .. c F'H* = H*(Tot*(C**))
such that

EPd o FpHp+q/Fp+1Hp+q
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Proof of Theorem 2.41. The existence of the long exact sequence follows from applying the gen-
eral theory. Suppose we have a spectral sequence EY'? converging to LP™? and we are in the nice
case s = E.. So for each total degree n there is a finite filtration

0=F"'L"CF'L"C---C F'L"C F'L"=1L"
Then we can write down the beginning of a long exact sequence by looking at total degree 1:

d
0 — E° - L' - EJ' 2 EY°

where the first map is the inclusion of F'L! into L' and the second map is the projection onto
FOLY/F'L'. Now we can proceed by looking at total degree 2. We have a filtration

0=FL*C FPL> C F'L> C F'L* =L*
with associated graded pieces
EX0 > 212 plloe plp2/p2r2 pO2oy pOr2/pip?
Thus we have a short exact sequence
EX s ker(L? — EY?) — B} & p30

where the first map comes from the identification ker(L?> — EJ*) = F'L? and the second map
is the projection onto F'L?/F?L?. Splicing this with the previous exact sequence gives the long
exact sequence

d d
0— By = L' = By 2 B3 = ker(L? — Ey?) — Byt 5 BJ°

This is exactly the long exact sequence in the statement of Theorem 2.40 since E*° vanishes.
More generally, we can proceed by looking at total degree n and splicing the resulting short exact
sequence with the previous long exact sequence to get the full long exact sequence.

_ — d
oo — B — ker(LPYY — EYPIY) o pELOTE 2 prtta

]

2.5 Extensions of vector bundles
Let

0=V -V V"> 0

be a short exact sequence of vector bundles on a compact Riemann surface R. On a small open set
U we get an exact sequence of sheaves of sections

0=V (U)—=VU)—-V"(U)—0
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which are all free O(U )-modules of finite rank. A splitting of this sequence is given by
s:V"(U)—= V(U)

a choice of free generators of V" (U) lifted to V(U), and can be thought of as a local choice of
frame of V" (i.e. a choice of inclusion U x C™*xV" — [J x C™"kV/). Such a splitting always exists
locally, however there may not exist a global splitting.

Example 2.44. Let R = P! and consider the sequence
0—=0—=00)®0O(c0) = O0+00) =0

where the maps are the diagonal inclusion and the subtraction map (a,b) — a — b. This sequence is
exact.

Exactness is clear away from 0 and oo. Near 0, injectivity and surjectivity are clear. To see exactness
in the middle, suppose (a,b) maps to zero. Then a = b as meromorphic functions on P* and a has no
pole at 0, b has no pole at co, so a = b is a constant function. Therefore, (a, b) is in the image of the
inclusion.

However this sequence is not split because
O1)a0(1) 20 0(2)

because we can tensor by O(—2) and take global sections to see that the dimensions of global sections
differ.

Theorem 2.45. An exact sequence of vector bundles on a compact Riemann surface
0=V =2V -V">0
determines a cohomology class in
HY R, Hom(V", V")) = HY(R,V' @ (V"))

and the sequence splits if and only if this class is zero.

Example 2.46. In the previous example, we calcuated the unique (up to scale) nonsplit extension of
O(2) by O, which determines a cohomology class in

HY(P', O(-2))=C
Addition of extensions corresponds to the operation
(A-F—-B)+(A—>F —-B)=A—-F®pFE — B

which makes sense in any category with kernels and cokernels.
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Proof. First we construct the class. Recall that we defined
H'(R,V) =T(R,P(V))/T(R,M(V))

There is a diagram of vector spaces

0 — MUV )(R) — M(V)(R) —— M(V")(R) —— 0

l# | J»

0 —— PVYR) —— P(V)(R) —2— P(V")(R) —— 0

and since the top row is a sequence of finite dimensional vector spaces over M(R), we can product
a splutting

s : M(V")(R) = M(V)(R)
This splitting in fact defines a splitting of sheaves
s: MV") = M(V)
by restricting to smaller open sets.

Now observe that po s : O(V") — P(V) in fact lands in P (V") because

/!

Qopos=p
and p” vanishes on O(V"). This gives a map O(V"”) — P (V') of O-modules. Dualizing, we get
le O =PV @V")

Changing s changes the result by a meromorphic section of V’. So its class in cohomlogy is well
defined, independent of s. [

Remark 2.47. On P!, every vector bundle is a sum of line bundles and we still have nontrivial exten-
sions. On higher genus Riemann surfaces, vector bundles are characterized by the Harder-Narasimhan
filtration.

o=Vcwc---CcV,=V
with successive quotients semistable and decreasing slopes. The extensions between the successive
quotients are nontrivial in general.
In general, 0 = V' — V — V" — 0 we should expect that

deg V" S deg V'
rank V" = rank V"’
and H'(R, Hom(V", V")) is bigger if degree of V" is large or degree of V" is small.
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2.6 Serre duality

Let R be a compact Riemann surface, V' vector bundle on R. We have the canonical bundle
Kg = Q}, of holomorphic one-forms on R.

Theorem 2.48 (Serre duality). There is an isomorphism of vector spaces, functorial in R:

HR, V)2 HY(R,Kr® V*)*
HYR, V)2 H'(R,Kr® V*)*

Functorial means that for f : R — S a nonconstant map of compact Riemann surfaces, we have
the following commutative diagram:

H(R,V) —— HYR,Kr® V*)*

r Ir

HY(S, V) —— HY(S,Kg @ V*)*
We will say a little bit more about the map on H'.

Example 2.49. We check the isomorphism for O(n) on P! for n > —1. Move to O(noco). Check the
residue pairing at z = 0. May assume the principal parts are at 0 and that meromorphic functions have
only poles at 0. In this case

H°(P', O(noo)) = span{l, z, 2%, ..., 2"}

dz dz dz
Hl(Pla K]P’l & O(—TLOO)) :{?7 ;7 Tt ZnJrl}

because by the principal parts argument dz /2" >

is clear.

= 2z "dz/z" is holomorphic at co. The residue pairing

Proof. The global residue pairing
HY(R,V)x HY (R, Kr®@V*) = C
comes from a local residue pairing at a point x € R.

OV),P(KrV*), = C
(o,7) — Res, ({0, 7))

In a local coordinate 2 near z, the pairing takes the form

u(z)v(z) m=n+1

0 otherwise

n

2"u® idz — Res, ( i dz) = {
zm AL
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Note that the holomorphic part of a differential has no residue so the map is defined on P(Kz®V™),.
The pairing is nondegenerate. The global residue pairing then is simply the sum of the local pair-
ings over all points x € R.

We will reduce the proof to the case R = P. In this case, we have already explicitly verified the
isomorphism. We wish to construct an isomorphism of sheaves on P!

f(KroVY) = Kpn @ (f.V)". 4)
Tensoring both sides by K,!, this is equivalent to

Pl >

Ky @ fl(Kp@ VYY) = (f.V). 5

By the projection formula,
Ki' @ fl(Kp@VY) = f(f*Ky' @ Kp@VY),
so (5) is equivalent to the existence of an isomorphism
f ([T Ep' @ Ko VY) = (LV). (©6)
By Lemma 2.37, we have

(f:V) = L(V(B)),

where B is the branch divisor of f. Hence (6) will follow provided we can identify the bundles
upstairs:
K @ Kpo VY =2 VY(B). (7

Cancelling V'V, condition (7) is equivalent to the line-bundle identity
Krp® f*Kp' = Ogr(B), (®)
which is precisely the Riemann—Hurwitz formula in line-bundle form.

To check the compatibility of residue pairings on R and P'. We can use the isomorphisms

[P (V) = Pf(x)(f*V>,

and the discussion of differentials at branch points. Choose local coordinates in standard form and
write the residue pairings in the Laurent basis. [

Now we state some consequences of Riemann-Roch and Serre duality:
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* The degree of the canonical bundle is
deg Kr =29 — 2

In particular every meromorphic differential has exactly 2¢g — 2 zeros (counted with mul-
tiplicity). This agrees with the statement of the Poincare-Hopf theorem for vector fields,
which says that if M is a compact oriented surface, then every vector field with isolated
zeros has total index equal to the Euler characteristic y(M) = 2 — 2¢g. For a holomorphic
differential, the index of a zero is its multiplicity as a zero of the differential.

e For all R with genus ¢ > 1, for all p € R there exists a nontrivial holomorphic dif-
ferential not vanishing at p. If not, then all holomorphic differentials zeroes at p and so
h°(R, Kr(—p)) = g. This implies that h°( R, O(p)) = 2 so there exists a nonconstant mero-
morphic function with a single simple pole at p. This function gives an isomorphism to P!
and so g = 0, a contradiction.

e There exists a map of degree g + 1 from R to P!. This is because

h(R,O((g+ 1)p)) = h' (R, Kr(—(9+1)p)) + (9 +1) —g+1>2

* Every genus 2 curve has a degree 2 map to P! and is therefore hyperelliptic. This is because
for g = 2, we have h°(2!) = 2 so there exist two linearly independent holomorphic differ-
entials wq,wy. They each have degree 2g — 2 = 2 zeros. If they have a common zero at p,
then w; /w, is a meromorphic function with a single simple pole at p, which is impossible on
a genus 2 curve.

For deg L > 2g — 1, one always has h°(L(p)) = h°(L) + 1 for all p € R. However, for smaller
degree line bundles, this can fail. The failure is measured by the following theorem.

Theorem 2.50 (Weierstrass gap theorem). At each point p of a compact Riemann surface of genus g,
there are exactly g integers

L=mn1(p) <nalp) <--- <nyg(p) <29 -1
such that
h(R, O(ni(p)p)) = h°(R, O((ni(p) — 1)p))

These integers are called the Weierstrass gaps at p.

Proof. g = 0 case is clear since we have explicit meromorphic functions on P! with a single pole
of any order at any point. So we assume g > 1. A positive integer n is a non-gap at p if there exists
a meromorphic function whose only pole is at p and has order exactly n.
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For any divisor D and point p, 0 < I(D + p) — (D) < 1, so in particular every n > 1 is either
a gap or a non-gap. Also, for g > 1, 1 is always a gap: a function with a single simple pole at p
would give a degree-1 map X — P!, so X = P! (genus 0), contradiction.

Riemann-Roch and Serre duality immediately imply that every m > 2g — 1 is a non-gap. Hence
all gaps liein {1,...,2g — 1}.

Let G(m) be the number of gaps in {1,...,m}. The number of non-gaps in that interval are is
m — G(m). Starting from /(0) = 1 and using that each non-gap increases [ by 1 while each gap
leaves it unchanged, for any m > 1, which implies that [(mp) = 1 4+ (m — G(m)). Now take
m > 2g. Then I(mp) = m + 1 — g and equating, we get G(m) = g forallm > 2g — 1. [

The generic sequence of gaps is
1,2,...,9

A point p is called a Weierstrass point if its gap sequence differs from the generic one. For
example, on a hyperelliptic curve, the Weierstrass points are the branch points of the degree 2 map
to P! and have gap sequence

1,3,5,...,2g— 1

There are always finitely many Weierstrass points on a compact Riemann surface of genus g > 2.

Exercise 2.51. A nodal Riemann surface S is one which is smooth except for finitely many singularities
that look locally like

{(z,y) | zy =0} C C*.

It is obtained from a smooth Riemann surface S by identifying pairs of points; S — §is called the
normalization. Define the canonical bundle Kg of S to be the sheaf of differentials holomorphic on S,
except for simple poles at the nodes, with opposite residues on the two branches of S.

Show that K is a line bundle. When S is compact, prove the residue theorem for a meromorphic
section of Kg that is holomorphic at the nodes. Prove Serre duality for vector bundles on S.

Let v : S — S be the normalization. Each node of S has preimage a pair {p;", p; } C S.
Set N == 7,(p +p; )

Let K3z be the canonical bundle on the smooth Riemann surface S. Consider K 3(IV), whose sections
are meromorphic 1-forms with at worst simple poles at the points of V.

Define K as the subsheaf of v, Kz(N) consisting of sections w such that for each node with preimages
+
pi ’
Res,+ (w) + Res - (w) = 0.
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Equivalently, we have an exact sequence

0 — Ks — 1. K5(N) = @D Croges — 0, (nodal)

where C, 4. ; is the skyscraper sheaf at the i-th node and the residue map takes w to the collection of

sums of residues at pj»t, explicitly at the node i:

Res;(w) = Res +(w) + Res - (w)

We claim K is a line bundle. Over smooth points of .S, v is an isomorphism, and the residue condition
is vacuous, so K g agrees with K z; in particular it has rank 1 there.

Near a node, choose local coordinates so S is the disjoint union of two discs with coordinates z and w,
and the node identifies z = 0 with w = 0. A section of Kz(/N) has local form

b
<g + hol> dz on the z—branch, (— + hol) dw on the w-branch.
z w

The condition a 4 b = 0 is one linear relation on the two residues, so the allowed principal parts form a
1-dimensional space. Thus the stalk of K¢ at the node is also 1-dimensional.

Assume S compact. Let w be a meromorphic section of K's which is holomorphic at the nodes. Viewed
on S, this is a meromorphic 1-form w which has the same poles away from the preimages of nodes and
is holomorphic at each pf (since w has no poles at nodes).

Apply the usual residue theorem on S:

Z Res,(w) = 0.

qes

There is no contribution from p, so this sum is exactly > ves Resp(w). Hence
Z Res,(w) =0
peES

Let F be a holomorphic vector bundle on .S. We claim there is a natural perfect pairing
HY(S,E) x H'(S,Ks® EY) — C,

inducing an isomorphism
HY(S,E)Y =2 H(S,Ks® E").

Hence H'(S, E) identifies with a subspace of H 1(§ ,V*E) cut out by linear relations at the nodes.
In particular, using the principal parts characterization of H', a class in H'(S, E) corresponds to a
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collection of principal parts of £ at points of S (the poles of the sections) such that at each node the
principal parts at p;- have equal values residues in a common trivialization of £ near the node.

Similarly, a section of K5 ® EY corresponds to a section
¢ € H(S,K5(N) @ V"' EY)

such that at each node the residues at p; are opposite, i.e. to a subspace of H° (g, Kz(N) ® V*EV)
defined by linear relations.

On the smooth curve S we have the usual Serre duality pairing
HY(S,v"E) x H(S,K3® (V' E)') — C,

which extends to allow simple poles at /V, giving a perfect pairing

HY(S,v"E) x H*(S,K5(N)® (v'E)") — C.
The node-compatibility conditions defining H'(S, F) and H°(S, Ks ® EV) are dual to each other
with respect to this pairing. In particular, locally the principal part (v*,v™) pairs with (¢T,¢7) by
() =0 (v7).
Thus its restriction yields a perfect pairing

HY(S,FE) x H(S,Ks® EY) — C.

3 Abel Jacobi theory

Recall the additive and multiplicative Cousin problems:

» Additive Cousin: Given a collection of principal parts on R, when does there exist a global
meromorphic function with those principal parts?

* Multiplicative Cousin: Given a divisor D on 12, when does there exist a global meromorphic
function f with divisor (f) = D?

We have seen that for g = 0, the additive Cousin problem always has a solution and the multi-
plicative Cousin problem has a solution if and only if the degree of the divisor is zero. For g = 1,
the additive Cousin problem has a solution if and only if the sum of the residues is zero and the
multiplicative Cousin problem has a solution if and only if the degree of the divisor is zero and the
sum of the points (with multiplicity) modulo the period lattice is zero.

In general, the obstruction in the additive Cousin problem lies in H'(R, O) because we defined it
to be so:

HY(R,0) =T(R,P)/T(R,M)
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where P is the sheaf of principal parts and M is the sheaf of meromorphic functions. We proved
the Serre duality isomorphism

Hl(Rv O) = HO(R7 KR)*

so the obstruction to solving the additive Cousin problem can be computed by pairing with holo-
morphic one-forms. In particular, a collection of principal parts {p;} has a solution if and only
if

Z Res,, (piw) =0

for all w € H°(R, Kr). The obstruction in the multiplicative Cousin problem is encoded by the
Abel-Jacobi map, which this section is devoted to describing.

3.1 Differentials on a Riemann surface

Recall that on a Riemann surface R, we have the Hodge star operator defined on all smooth differ-
ential 1-forms

%1 Qe (R) = Qg (R)
defined in local holomorphic coordinates z = = + iy by

x(fdr+gdy) = —gdx+ fdy

so that
x(dz) = —idz
x(dz) =1dz
The Hodge star operator satisfies
ok = —1

on 1-forms. A differential form w is called harmonic if

dw =0
d*w=0

Recall that we had a decomposition of the square integrable smooth 1 forms on a compact Riemann
surface I

L*QL (R) = (dC™(R)) & H & (xdC®(R))
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where H is the space of harmonic 1-forms. Moreover, A consists of smooth forms. Also recall
that we defined an inner product on L?*Q! (R) by

(@8)= [ anss
R
The decomposition is orthogonal with respect to this inner product in the sense that
(df,*dg) =0
for all smooth functions f, g on R.

Any closed differential form has 2¢ periods given by integrating over the edges of the polygonal
decomposition of . The form is exact if and only if all its periods vanish.

1. In particular, the space of harmonic forms is at most 2g-dimensional because it injects into
the space of period vectors R?9.

2. There are g linearly independent holomorphic differentials on R and g linearly independent
antiholomorphic differentials on R, where holomorphic and antiholomorphic are defined as
the £ eigenspaces of the Hodge star operator *. Since eigenspaces don’t intersect, we have

dim H > 2g
Combining with the previous point, we have
dim H = 2g
and the holomorphic and antiholomorphic differentials give bases for the eigenspaces.

Letay,...,a,,b1,...,b, be the edges of the polygonal decomposition of R. Let ¢, ¢’ be holomor-
phic differentials, and A; = fa_ ¢, B; = fb, ¢ and similarly for ¢'. Using Stokes’ theorem, we can

compute
o:/I%¢A¢’=g</ai¢/bi¢’—/bi¢/ai¢’) zg(AiBé—BiAé)
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where the second equality comes from writing ¢ = dF’ (locally! there is monodromy) so that

/¢A¢> /dF/\ng

- [ dwe) -~ Fas

:fé)Png,
:i(/aiF¢l+/biF¢/_/bilw_/aﬁw/)
:zg;</aiF¢/_/ai1(F¢,)) +§;</biF¢/_/b;l(F¢,))

and the difference between integrating over a; and a; ! is given by the period of ¢ over the cycle,
that is precisely A;. Similarly for b;. We also have the relation

> (AiB; = BiA) = i(6, &)

We have the following consequences:

* For any nonzero holomorphic differential ¢

%(Z A;B;) >0

* A holomorphic differential with all periods real is zero. This is because

Y (AB; —BA)=0=i<6,¢>

so ¢ = 0.

* We can choose a basis of holomorphic differentials ¢1, .. ., ¢4 such that

/_ij:(sw
Hij:/bﬁbj
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is symmetric with positive definite imaginary part. In particular
[A|B] — [1|11]

where [A|B] is the old period matrix, IT is symmetric and STI is positive definite.
* The periods form a lattice in CY of rank 2g.

We are finally able to give a criterion for when a divisor is principal, completing the multiplicative
Cousin problem.

Theorem 3.1 (Abel’s theorem). A divisor D = ) n;p; on a compact Riemann surface R is principal if
and only if

deg D =0

Di
> n / dcA
po
forall j = 1,...,g, where o = (¢1,...,¢,) is a vector whose entries are a basis of holomorphic
differentials normalized so that fa_ ¢; = 0;; and A is the period lattice generated by the integrals of the
¢; over the a; and b; cycles. 1

Remark 3.2. The Schottky problem asks for a characterization of which complex tori arise as the
Jacobian of a Riemann surface. In other words, which period matrices II arise from Riemann surfaces.
For g = 2, 3 itis an open subset of the space of symmetric g X g matrices with positive definite imaginary
part. For g = 4 it is a hypersurface. The problem is still open.

3.2 Jacobian of a curve

Definition 3.3. The Jacobian variety of a compact Riemann surface R of genus g is the complex torus
J(R)=C9/A

where A is the period lattice generated by the integrals of a basis of holomorphic differentials over the
a; and b; cycles.

The Jacobian is independent of the choice of basis of holomorphic differentials and choice of sym-
plectic basis of H(R,Z) up to isomorphism of complex tori. It is a compact complex manifold
of dimension g, and an abelian group. One can show that every connected abelian group which
is a complex manifold (and where the group structure is holomorphic) is a quotient of CY by a
co-compact lattice. The specific properties of [A|B] (A™!B is symmetric with positive definite
imaginary part) impose a further restriction. They give rise to principally polarized abelian vari-
eties.

We can give another interpretation of Abel’s theorem.
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Theorem 3.4 (Abel’s theorem). The kernel of the Abel-Jacobi map
Div’(R) — J(R)
D = Znipi — Zni/piq;
Ppo
is precisely the group of principal divisors on R. In particular, the Abel-Jacobi map descends to an
isomorphism
Pic’(R) — J(R)
J is isomorphic to the group Div’(R)/ PDiv(R) of isomorphism classes of degree-zero line bundles on

R.

On line bundles, the group operation is the tensor product. Note that both sides have natural
holomorphic structures: the divisor side can be built from symmetric powers of I?, and the period
map to J was given by integrating holomorphic forms, and is thus holomorphic: so we should
suspect a stronger statement behind this.

Choose a point 7 € R. On the product R X .J, there is the family of holomorphic line bundles over
R parametrized by the points of ./, with trivialized fibers over the point . Without trivializing at r,
each line bundle has a group C* of automorphisms, and the family of line bundles is not uniquely
determined: for instance, you can tensor it with your favorite line bundle over the base .J, without
changing the isomorphism type on any factor of R.

Remark 3.5 (Rigidity and the Poincaré line bundle). Setp: R x J — Randqg: R x J — J. Given a
family L on R x J and a line bundle M on J, define

I'=L®q¢M

For any fixed j € J, when we restrict to the fiber R x {j} we have:
! ~ " ~
L Rx{j} — L|R><{j} ® (q M) ’Rx{j} = L; ® (M; ® Og)

where M is the one-dimensional vector space (the fiber of M at j). As aline bundle on R, M; ® Op is
just the trivial line bundle on R since there’s no R-variation. Hence

LJ®(M]®OR) ng

non-canonically (requiring a choice of basis of ;). So for each j, the isomorphism class in Pic(R) is
unchanged, meaning twisting by ¢* M does not change the isomorphism type on any R-fiber.

Globally over R x J though, L and L ® ¢*M are typically not isomorphic unless M is (canonically)
trivial—the noncanonical choices of bases at each j don’t glue holomorphically in j.
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The point is that locally near each j € .J, you can choose a trivialization of )/;, i.e. a nonvanishing
holomorphic section of M over a small neighborhood of j in J. This choice gives an isomorphism
between L and L ® ¢* M over that neighborhood because we can use the local section to identify M;
with C. However, if one tries to do this globally over all of J, this is the same as choosing a global
nowhere-vanishing holomorphic section of M, which exists if and only if M is (canonically) trivial. So
we see that twisting by ¢* M changes L to a different family of line bundles on R parametrized by J,
even though the fiberwise isomorphism classes remain the same.

For a family L — R x B, any automorphism over R X B is multiplication by a nowhere-vanishing
holomorphic function u € I'(Rx B, O*). Because R is a compact Riemann surface, every holomorphic
function on R is constant, so

I'(R x B,0*) =T'(B,0p).

For each b € B, u(-, b) is a nonvanishing holomorphic function on R, hence constant in the R-direction;
these constants vary holomorphically in b.

Both issues are resolved by choosing a trivialization o : L|{yx 50 s- This is the data of a global
holomorphic section of the line bundle L]{T}X ; which is nowhere vanishing.

Any automorphism of L must now restrict to the identity on {7} x J, forcing the multiplier in O to be
1. So Aut(L, o) = 1. Additionally, twisting by ¢* M sends the rigidified fiber to

(L®q*M)‘{r}XJgOJ®MgM

which violates the chosen trivialization unless M = O with its chosen trivialization. Thus the Pic(.J)-
torsor ambiguity also disappears.

It turns out that these individual line bundles on 12 assemble to a holomorphic line bundle
P — RxJ,

the universal or Poincaré line bundle (of degree zero). These objects P and .J can be characterized
by a universal property:

Proposition 3.6. For any complex space B and holomorphic line bundle L — R X B, equipped with a
trivialization on {r} x B, there is a unique holomorphic map f; : B — J and isomorphism f;P = L.

Remark 3.7. The trivialization condition may seem curious but is necessary to make the statement
work. The actual moduli that universally parametrizes degree-zero line bundles on R is an algebraic
stack with underlying space J and automorphisms forming a C*-gerbe, a principal BC*-bundle over
J. This is split as BC* x .J by a choice of point r € R.

Remark 3.8. Let C be a smooth projective curve over k = C, and .J = Pic, /i, be the Jacobian (the Pi-
card scheme). For the unrigidified Picard stack Pic%, /1> We work in the site (Sch/k)gppr. For a k-scheme
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B, the fibered category Picy, /1(B) is the groupoid of line bundles L on C' x B with deg(L|cx ;) =0
for all b € B. Morphisms are isomorphisms of line bundles over C' x B. For any object L, we have

Aut(L) =2 G, g (e Aut(L) =T(B,05))
because End(L) = Ocyp.
There is a natural 1-morphism of stacks p : Picg e Picy. /e = oJ sending a family L to its class

in the relative Picard functor Pic(C' x B/B). Crucially, twisting L by ¢*M (withq : C x B — B,
M € Pic(B)) does not change its image in J(B).

For the rigidified stack Picg;k (choosing a basepoint r € C(k)), we add a trivialization along the
section i, : B — C' x B, i,(b) = (r,b). Objects over B are pairs (L, «) with L as above and

a:itL = Op
a nowhere-vanishing holomorphic frame along {r} x B. Morphisms are isomorphisms ¢ : L — L'

satisfying ifp o a = o/.

The key fact is that Pic%”/”k is representable by the Jacobian J. More precisely, there is a canonical

equivalence of stacks Pic((]fk ~ J, where the right side is viewed as the discrete stack B — Hom(B, J).
This gives the universal property of the Poincaré line bundle P on C' x J.

In the language of gerbes, the map p : Pic% sx — J has fibers locally equivalent to BG,,, band G, and

aclass in Hf (J,G,,) = Br(.J) obstructing a global universal line bundle. Choosing 7 splits the gerbe:

Picg/k ~ (BG,,) x J
This splitting is noncanonical without a basepoint, but canonical once r is fixed.
The degree-zero restriction is easy to remove. We denote by J; the set of isomorphism classes of

line bundles of degree d (so Jy = J). We can change the degree of any given line bundle on R to
zero by twisting by a multiple of your favorite point, and we get:

Proposition 3.9. The group Pic(R) of isomorphism classes of holomorphic line bundles on R fits into
a short exact sequence

1— J — Pic(R) <5 7
The sequence is split by a choice of point in R. However, the splitting does depend on the point.
For each degree d > 0, we have a holomorphic map
AJy:Sym? R — Jg,

defined by integrating the holomorphic differentials: choose an auxiliary base point r € R, and
then send a divisor D € Sym? R to the sum of integrals along a chosen collection of paths from r
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to the points of D). A change of paths will change the integrals by an integral linear combination
of periods, so the map to J, is well defined; now use the divisor d{r} to identify J, with .J;, and
the resulting map to J; is now also independent of your choice of r. The image of the divisor D
is the isomorphism class of the line bundle O (D). In particular, the image of the Abel-Jacobi map
is precisely the set of isomorphism classes of line bundles which admit a nontrivial holomorphic
section (i.e., those line bundles which can be represented as O (D) for some effective divisor D).

Remark 3.10 (Identifing the differential of A.J;). First we identify the tangent space of .J; at a point
[L] representing a line bundle L on R. Since J; = Jy = H°(R, Kg)*/H1(R,Z), we have

Ty, = H(R, Kg)".

Use the Abel-Jacobi map in holomorphic 1-form coordinates. Pick a basis {wy, . ..,w,} of H*(R, Kg)

and periods so that
P P
AJl(p):(/ wl,...,/ wg)GJ
o 0

For reduced D = p; + - - - + pg, we have AJy(D) = S0 AJy(p). Letv = (vy,...,va) € @, T, R
be a tangent to Sym? R at D. Vary p;(t) with p/(0) = v;. Then the derivative of an integral of a
holomorphic form along a path with moving endpoint is just evaluation of the form at that endpoint

against the velocity vector:

d i (t)
/ wr, = wi(pi) (v:)
t=0 Y70

dt | _

Summing over ¢ gives the differential

d(AJy)p @T R — H(R,Kg)*

=1

(V1,...,09) —> (w > Zw(pﬁ(vﬂ)

The situation is more delicate if D is not reduced. Choose a local coordinate z near each p;. Write
w = f(z)dz, so f(z) is holomorphic.

A tangent vector to Sym? R at D corresponds to a choice of infinitesimal deformation of each m;p;,
ie. an element of H'(Or(D)|p) = @, Clz]/(2™). That means you specify the coefficients of
(1,2,2% ..., 2™"1) at each p,.

Then the differential of the Abel-Jacobi map acts by:

AJd @C Z™M —>H0(KR)
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(Ui,o,vi,l,-- Uzmzfl W = E E Pz Vi k
i

where w*) (p;) means the k-th derivative (the k-jet) of the local coefficient function f(2) of w = f(z) dz.
In general, there is a uniform way to describe the differential valid for all D: The differential

d(AJd)D : HO<OR(D)‘D) — Hl (OR)
is given by the connecting homomorphism in the long exact sequence

0— OR — OR(D) — OR(D)‘D =0

The Abel Jacobi map will hold the key to Riemann’s solution of the multiplicative Cousin problem,
but we need to settle some of its properties first. The word generic in the next theorem means away
from an analytic subspace of strictly lower dimension Analytic subspaces are locally cut out by
a collection of holomorphic functions; they are usually not submanifolds, but they are always
stratified by locally closed submanifolds of decreasing dimensions.

Theorem 3.11 (Properties of the Abel-Jacobi map). Let A.J; : Sym?(R) — J,; be the Abel-Jacobi map
which sends a degree d effective divisor D on R to the isomorphism class of the line bundle O(D).

(i) The fiber of AJ,; at a point j € J representing a line bundle L on R is isomorphic to the
projective space PHY(R; L). (This is empty if h°(R; L) = 0.)

(ii) For d < g, the map AJ; is generically injective, and a local embedding in .J;.
(iii) For d = g, it is also surjective, and therefore a generic isomorphism.

(iv) For g > 2g — 1, the map A.J, realizes Sym®(R) as a holomorphic projective bundle over .J,.

Proof.

1. A point in the fiber over j is an effective divisor D of degree d such that O(D) = L. The set
of such divisors is in bijection with the set of nonzero holomorphic sections of L, modulo
scaling, which is precisely PH°(R; L).

2. The fibers are connected. Local injectivity/isomorphism can be checked by computing the
differential of AJ; and checking that it is injective at generic points. The differential at
(p1 + - 4 pa) € Sym? R is given by the map

Tp RO - Ty R = Tasypr+tpa)Ja = HO(R> Kg)*
d
(U1, ...,0q) (w > Zw(vz))
i=1
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The map fails to be injective if and only if there exist nonzero v; € 7,, R such that

d

Z w(v;) =0

i=1

forallw € H°(R, Kg). This is equivalent to saying that there exists a holomorphic differen-
tial w vanishing at all p;. By Riemann-Roch, for generic choices of p;, there are no nontrivial
holomorphic differentials vanishing at all p; if d < g. Hence, the differential is injective at
generic points, making A.J; a local embedding.

3. The argument is the same as local injectivity.

4. By Riemann-Roch, for d > 2g — 1, we have
hO(R,L) =d—g+1

for all line bundles L of degree d because H'(R, L) = 0 by Serre duality. Therefore, the
fibers of AJ; are all projective spaces of dimension d — g. This gives Symd(R) the structure
of a holomorphic projective bundle over J;. The map is holomorphic submersion because
the differential is surjective at all points, and moreover the map is proper since the domain
and target are compact. Hence, by Ehresmann’s fibration theorem, it is a holomorphic fiber
bundle with fibers P49, [

Remark 3.12 (Non-effective line bundles of nonnegative degree). The discussion of the Abel Jacobi
map shows that for g > 1, there exist line bundles of degree 0 < d < g with no nontrivial holomorphic
sections.

Consider the Abel-Jacobi map
i, : X — Pic®(X), s+— Ox (s —r).

Its image is a 1-dimensional subvariety of the g-dimensional torus Pic”(X) and hence cannot be all of
Pic’(X).

Pick a degree-zero line bundle 7" € Pic’(X) not in ,(X). Set
L= 0x(r)®T € Pic'(X).

Then deg L = 1, but h°(X, L) = 0. This is because if h°(X, L) > 0 then L ~ Ox(p) for some
p € X. Hence T' ~ L ® Ox(—r) ~ Ox(p — 1), so T € i.(X), contradicting the choice of T
Thus L is a non-effective class of nonnegative degree. More generally, for any 0 < d < g, choose
T € Pic’(X) \ (Wy — Dy) and set L = Ox(Dy) ® T with deg Dy = d; then h°(X, L) = 0.

Let W, C J; denote the image of A.J;. They are only interesting for d < g, and the most interesting
one is W,_1, also known as the theta-divisor.
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Proposition 3.13. The points of W,_; correspond to isomorphism classes of line bundles L on R with
h°(R; L) > 1. It has codimension 1 and therefore generically smooth. The smooth points correspond
to line bundles L with h°(R; L) = 1. Locally W,_; is given as the zero locus of a single holomorphic
function (a theta function).

Proof. The map AJ,_; has domain of dimension g — 1 and target of dimension ¢ and is generically
injective, so its image WW,_; has dimension g — 1, hence codimension 1 in J,_;. Its image is those
line bundles which came from effective divisors of degree g — 1. Such line bundles L satisfy
h°(R; L) > 1 since they have a nontrivial holomorphic section given by the constant section 1 in
Ogr(D) for some effective divisor D with Og(D) = L. Explicitly (because I always get confused
by this) there’s a natural inclusion

Or — Or(D), fr—f-1
where the image of the constant function 1 is a holomorphic section of Og(D).

Locally near p;, pick a coordinate z vanishing at p;, and note that Og(D)|y = 2z~ Oy. In this
local trivialization, the "section 1" of Or(D) corresponds to 2" as a function. That function does
vanish to order m; at p;.

By the implicit function theorem, the smooth points of 1¥/,_; correspond to points where the dif-
ferential of A.J,_; is injective.

The rank of the differential of A.J,_; controls the regularity of the image. From the differential
computation, we have

d(AJy)p : P T, R — HY(KR)*,  (03) = (W > w(p)(vi))
Its kernel is nontrivial if and only if there exists a nonzero w € H°(KpR) such that w(p;)(v;) = 0
for all i, i.e. w vanishes at all p;. Hence ker d(AJ,_1)p # 0 if and only if H°(Kp(—D)) # 0.
By Riemann-Roch:
h'(Kr(=D)) = h*(Or(D)) + (9 — 1) — g + 1 = h*(Or(D))

Thus ker d(AJ,—1)p # 0 if and only if h°(Og(D)) > 2. In particular, if h°(Og(D)) = 1, the
differential is injective.

General theory of complex analytic spaces tells us that a codimension 1 analytic subspace is locally
cut out by a single holomorphic function. In particular, every Weil divisor is locally principal, i.e.
a Cartier divisor. However, we will see later that W,_; is actually globally principal, cut out by a
theta function. [

64



Definition 3.14. A theta characteristic on a Riemann surface R is a line bundle p satisfying
p®? = Kg

where Ky is the canonical bundle of R.

If we pick a basepoint py € IR to identify J with J,_;, then the difference of two theta characteris-
tics is a 2-torsion point in J, i.e. a line bundle 7 satisfying

7'®2 = OR
This is because if py, po are two theta characteristics, then
(m@py ) 2 Kr@ Kp' = Op

The set of 2-torsion points in J forms a group isomorphic to (Z/27)%9, so there are 229 theta
characteristics on R.

Remark 3.15 (Cultural remark on theta characteristics). A square root of A on a Riemann surface is
the same as a spin structure on the tangent bundle. It is also given by a quadratic form on H; (R, Z/27.)
compatible with the intersection form, i.e. a function ¢ : Hy(R, Z/27) — 7. /27 satisfying

qg(a+b) =q(a)+q(b) +aUb

where a U b is the intersection number modulo 2.

The following theorem describes the symmetries of W _;. Translating W,_; by a theta charac-
teristic corresponds to shifting the theta function by a half-period in the classical theory of theta
functions.

Theorem 3.16.
1. W,_; is invariant under the involution L — Kr ® L™" on J,_;.

Y

2. (equivalent to (1)) Let p be a theta characteristic, i.e. a line bundle satisfying p*? = Kp.
Then pW,_; is self-inverse under the group law on J,

3. W,_1 is not invariant under any translation of the torus.

4. W,_y is invariant under reflection by theta chraracteristics, but not under any reflections.

Proof of (3). The evenness of © implies symmetry under half-lattice points. We will see that:

* Topologically, © = O(W,_,).
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» Holomorphic line bundles of this type are related by translation on J. In particular, two line
bundles of the same topological type on J differ only by a translation. This is a general
theorem about line bundles on complex tori.

* Symmetry forces only half-lattice translations to be allowed. [

Remark 3.17. There exists a universal vector bundle (the Poincaré bundle) P, over R x J; such that
for any line bundle L on R, there is a natural isomorphism

L = Pal ruqir)y
To make P, unique, one must choose a base point € R and require that P, be trivial along {r} x J;:
Pd|{r}><Jd g OJd

Without this normalization, the universal line bundle is only defined up to tensoring by a line bundle
pulled back from Jj.

Taking d = g — 1, we have finite dimensional holomorphic vector bundles on J,_; denoted H, and H;,
a holomorphic map pp : Ho — H;, and an exact sequence of vector spaces for every j € J,_;

0— HO(R, L]) — (Ho)j — (Hl)j — H1<R, LJ) —0

This map pp : Ho — H, is the principal parts map, which at a point j € J,_; representing a line bundle
L on R is given by taking a global meromorphic section of L and sending it to its principal parts at all
points of R (i.e its obstruction to being holomorphic).

Now we introduce an identification of the theta line bundle © on J,_; with the inverse determinant
line bundle of the complex of vector bundles Hy — ;.

Theorem 3.18. © = A™PH; ® (A'PH,)~! where O is the line bundle on J,_; with divisor W,_;. The
map det pp : Ho — H; induces a holomorphic section of © whose zero locus is precisely W,_;.

Remark 3.19 (What P, is not). Consider the map R x Symd R — J;_1 given by
(p, D) = Ada(D) — AJr(p)

The universal line bundle P,_; on R x .J;_; can be pulled back to R x Sym? R along this map. This
pullback gives a divisor called the incidence divisor

I={(p,D) € RxSym? R : p € supp(D)}

It turns out that this is not quite (idg x A.J;)*P,. Instead, we have an isomorphism of line bundles on
R x Sym? R

O(I) = (idr x AJy)" Py ® O(1)
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where (1) is the hyperplane line bundle along the projective fibers of Sym? R — .J;. More precisely,
if we denote by 7 : R x Sym? R — Sym® R the projection map, then

O(1) = 7 Ogyppa (1)

This discrepancy arises because the incidence divisor / only keeps track of the points in the support of
the divisor D, while the universal line bundle P, also encodes the tautological line on the projectivized
space of sections

3.3 Riemann Theta function

Recall that we had a basis of holomorphic differentials ¢1,..., ¢, on R normalized so that the
period matrix

Q = [1B]

with B symmetric and 3B positive definite. Define the Riemann theta function

0(:1B) = 3 exp <2m (%ntBn 4 ntz))

nez9
where z € CY.
Theorem 3.20 (Properties of the Riemann theta function).
(1) © converges uniformly on compact subsets.

(2) © is periodic under translations
7 — 74 €,

and satisfies the quasi-periodicity relation

O(Z+ Bm; B) = O(Z|B) exp(—2mi(n/Z + 1m' Bim)).

(3) The zero locus of © is the translate
Wg—l - P

where p is a theta characteristic determined by the choice of a and b cycles.
We are now prepared to solve the multiplicative Cousin problem on /2. Consider the map
F:RxSym’R — J,_q, (r,D) — AJ(D) — AJ(r).
Claim 3.21. Ffl(WgST‘l"’th) ={(r,D)|reD}.
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Remark 3.22. If dim H°(R,O(D)) > 1, then F~'(AJ(D)) projects surjectively onto all of R.

Therefore the function ©(F(r, D) + p) as a function of » € R has divisor exactly D. This implies
that we can solve almost any prescription of zeros and poles by a ratio of products of shifted theta
functions restricted to AJ;(R) C J.

Abel’s condition ensures we can arrange the shifts so that the result is periodic with respect to the
lattice, hence we obtain a single valued meromorphic function on R.

Remark 3.23. Torelli’s theorem states that a compact Riemann surface R is determined up to isomor-
phism by its Jacobian J(R) together with the theta divisor W,_; C J(R). In other words, if two
compact Riemann surfaces have isomorphic Jacobians as principally polarized abelian varieties (i.e. the
isomorphism identifies the theta divisors), then the Riemann surfaces themselves are isomorphic.

4 Sheaf theory

We introduce sheaves which offer the right language to study local-to-global problems on complex
manifolds.

4.1 Presheaves and sheaves

Every presheaf F on a topological space X has an associated sheaf F, called its sheafification, to-
gether with a natural morphism of presheaves ¢ : F — F*, which is universal among morphisms
from F to sheaves.

The construction of 7 passes through something called the étalé space of F,

Definition 4.1. The étalé space F(F) of a presheaf F on a topological space X is the disjoint union
of the stalks of F at each point of X:

EWF) =|]F

zeX
equipped with the topology generated by the sets

U(s) ={s, € F,:yeU}

for each open set U C X and section s € F(U), where s, is the germ of s at the point y. The projection
map 7 : E(F) — X sends each germ s, € F, to the point z € X.

Proposition 4.2. 7 : E(F) — X is a local homeomorphism.

The sheafification F* is then defined as the sheaf of sections of the étalé space:

FT(U)={s:U — E(F): mos=1idy and s is continuous }
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for each open set U C X. It turns out that any morphism of presheaves ¢ : 7 — G into a sheaf G
factors uniquely through the sheafification ' via a morphism of sheaves ¢ : F* — G.

Theorem 4.3. There is an adjunction between the category of presheaves and the category of sheaves
on a topological space X:
HomSheaves (F+7 g) = HomPresheaves (JT_" g)

for any presheaf F and sheaf G on X. In particular, the sheafification functor (—)* is left adjoint to the
inclusion functor from sheaves to presheaves.

Proposition 4.4. A morphism of presheaves / — ¢ induces a continuous map between their étalé
spaces over X. Conversely, a continuous map between étalé spaces E(F) — E(G) over X induces a
morphism of presheaves by taking sections to their compositions with the continuous map.

In particular, ¥ — Forget(G) induces a continuous map E(F) — E(G) over X, and the induced map
on sheaves of sections corresponds to the adjoint morphism 7 — G.

Example 4.5. Consider the embedding i : {0} < R and the sheaf C on {0}. The direct image sheaf
1+C on R is given by

C 0eU

(&C)(U) = {0 0¢U

The étalé space E(i.C) is a single point over every x # 0 and a copy of C over 0. The topology on
E(i,.C) is such that the only open set containing points over x # 0 is the entire space, while over 0 we
have the usual topology of C. It is topologized by starting with C x R and gluing all the sheets over
x # 0 to a single point.

Definition 4.6. A morphism of sheaves ¢ : F — G is monic (if for every open set U C X, the
map ¢y : F(U) — G(U) is injective) if and only if the induced map between their étalé spaces
E(F) — E(G) is injective.

A morphism of sheaves ¢ : F — G is epic (if it is surjective on stalks) if and only if the induced map
between their étalé spaces E(F) — E(G) is surjective.

Remark 4.7. These are functorial definitions which make sense in any abelian category. In particular
we say that ¢ is monic if for any sheaf #, the induced map

Hom(H, F) — Hom(H, G)
is injective, and ¢ is epic if for any sheaf H, the induced map

Hom(G,H) — Hom(F,H)
is injective.
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Remark 4.8. Cokernels are tricky in sheaf theory. The cokernel of a morphism of sheaves ¢ : 7 — G
is defined as the sheafification of the presheaf cokernel:

coker ¢ = (Forget(G)/ Forget(F))"

This is because the presheaf cokernel may fail to be a sheaf. In particular cokernels must be computed on
stalks to get the correct answer, whereas kernels can be computed on sections or stalks interchangeably.

Example 4.9 (Surjective on stalks but not on global sections). There is a map of sheaves
O]pl(—OO) ©® OPI(—O) — O]pl

given by (s;,52) — s; + so. This map is surjective on stalks because at any point p € P!, either s; or
s9 can generate the stalk of Op: at p. However, it is not surjective on global sections because the only
global sections of Opi(—00) and Op:(—0) are zero. Thus the image of the map on global sections is
zero, which is a proper subset of the global sections of Op:. This gives an example of a morphism of
sheaves which is surjective on stalks but not on global sections.

Homological algebra repairs this defect by considering derived functors of the global sections
functor, leading to sheaf cohomology. Homological algebra works for any abelian category.

Definition 4.10. An abelian category 4 is a category where
* Hom sets are abelian groups and composition is bilinear,

* For any two objects A, B € A, there is a biproduct A & B which is both a product and a
coproduct,

* there is a zero object 0 which is both initial and terminal,

» every morphism has a kernel and a cokernel, where by kernel we mean the cartesian square

kerp —— 0

Lo

A—"-B
and by cokernel we mean the cocartesian square

A—* B

|

0 —— coker ¢

 every monomorphism is the kernel of its cokernel, and every epimorphism is the cokernel of
its kernel.
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The category of sheaves of abelian groups on a topological space is an abelian category.

Example 4.11 (Important observation). If F is a sheaf of abelian groups on a topological space X, and
Z x 1s the constant sheaf with stalks Z, then

Hom(Zx,F) = I'(X,F)

so global sections can be interpreted as morphisms from the constant sheaf and in particular we can
derive the global sections functor using homological algebra.

4.2 Some operations on sheaves

Let f : X — Y be a continuous map between topological spaces.

Definition 4.12. The direct image (or pushforward) sheaf f.F of a sheaf 7 on X is defined on open
sets V C Y by

(LF)V) =F(fH(V))

for each open set V' C Y. The restriction maps are induced from those of F.

Definition 4.13. The inverse image (or pullback) sheaf f~'G of a sheaf G on Y is defined as the
sheafification of the presheaf given by
Ur lim G(V)
V2£(U)

for each open set U C X, where the limit is taken over all open sets V' C Y containing f(U).
There is a different notion of pullback for sheaves of modules over sheaves of rings.

Definition 4.14. Let f : (X,Ox) — (Y, Oy) be a morphism of ringed spaces, and let G be a sheaf of
Oy -modules. The pullback (or inverse image) sheaf of O x-modules is defined as

G =f"6®10, Ox.

This definition replicates the usual extension of scalars for modules over rings. In particular on an
affine open set Spec A C Y with preimage Spec B C X, if G corresponds to an A-module M,
then f*G corresponds to the B-module M ® 4 B.

Example 4.15 (The difference between f~! and f*). Consider the projection p, : P! x P! — P!
onto the second factor. Let Op1 (1) be the hyperplane line bundle on P!. Then the inverse image sheaf
Py - Opi1(1) is the subsheaf of Op1 ® Op1 (1) which is locally constant in fibers. Explicitly, over an open
set U C P!, we have

py ' Op (1)(U x P') = Op (1)(U)
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It assigns to an open U C P! x P! the sections of O(1) on any open neighborhood of p,(U) C P, so
sections vary only over the second coordinate.

However the pullback sheaf p5Op: (1) is by definition
p;O(l) = O]pl Pl ®p2_10]11>1 p;l(?(l)

is the full tensor product Op:1 ,p1 @ p; ' Opi1 (1), which is the line bundle Op1 1 (0, 1) on P x P! because
extension of scalars doesn’t change the transition functions.

Example 4.16 (Another difference). Let Y — X be a closed imbedding of complex manifolds and
Iy C Oy the subsheaf of holomorphic functions vanishing on Y. Then i ~*Oy is the sheaf of holomor-
phic functions on X restricted to Y (i.e. germs on Y of holomorphic functions on X') and in particular is
much bigger than the sheaf of holomorphic functions on Y. In particular, ambient germs may vary trans-
versely, meaning that they need not be constant in directions normal to Y. However i*Ox = i 'Ox /Iy
is the structure sheaf Oy of holomorphic functions on Y.

4.3 Sheaf cohomology

We begin with the following important theorem.

Theorem 4.17. The category of sheaves of abelian groups on a topological space X has enough injec-
tives, 1.e. for any sheaf F on X, there exists a monomorphism / — 7 into an injective sheaf 7.

This allows us to define sheaf cohomology as the right derived functors of the global sections
functor I'( X, —). We will give the definition now. Take an injective resolution of a sheaf F on X:

0 F=>I' T -1 — ...
Applying the global sections functor I'( X, —) gives a complex of abelian groups
0—I(X,7° - (X, T") - T(X,Z%) — - -

Definition 4.18. The sheaf cohomology groups H'(X, F) are defined as the cohomology groups of
the complex of global sections of an injective resolution of F:

H (X, F)=RT(X,F)=HT(X,I%)

However, in practice it is quite difficult to work with injective resolutions of sheaves. Instead, we
use other types of resolutions which are easier to construct.

Definition 4.19. Let F be a left exact functor on AbSh(X). A sheaf 7 is F-acyelic if R*F(Z) = 0 for
all 2 > 0.
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Definition 4.20. A sheaf F on a topological space X is flabby if for every inclusion of open sets
V C U C X, the restriction map

FU)— F(V)

is surjective.

Definition 4.21. A sheaf F on a topological space X is soft if for every closed set K C X, the
restriction map

F(X) = F(K)
1s surjective.

Proposition 4.22. Flabby sheaves are soft on any topological space.

Proof. Leti: K — X be the inclusion of a closed set. Then

F(K) =T(K,i"'F) = lim F(U),

the colimit taken over open neighborhoods U of K in X. Thus a section s € F(K) is represented
by some pair (U, siy) with K’ C U C X open and sy € F(U). Using flabbiness, the restriction
map F(X) — F(U) is surjective, so choose t € F(X) with t|y = sy.

In the colimit description of F(K) the class of (U, si7) equals the class of (X, t) because they agree
on U D K. Hence s is the restriction of ¢, so the restriction map F(X) — F(K) is surjective.
Therefore F is soft. [

Theorem 4.23. On any space X, one may compute R°I'(X, F) using any resolution of F by I'( X, —)-
acyclic sheaves.

Theorem 4.24. On any space X, flabby sheaves are I'( X, —)-acyclic.
Theorem 4.25. On a paracompact Hausdorff space X, soft sheaves are I'( X, —)-acyclic.

Definition 4.26. A sheaf F on a topological space X is fine if for every locally finite open cover {U, }ics
of X, there exists a partition of unity subordinate to the cover, i.e. a collection of sheaf endomorphisms
{¢i : F — F}icr such that

* For each ¢ € I, the support of ¢; is contained in U;,

* The sum ) _,_; ; is the identity endomorphism of F.
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Theorem 4.27. Fine sheaves are soft. Sheaves of modules over fine sheaves of rings are soft.

Example 4.28. Let £X be the sheaf of smooth k-forms on a smooth manifold X. Then £% is a fine
sheaf because we can construct partitions of unity using smooth bump functions subordinate to any
locally finite open cover of X.

Example 4.29. The sheaf of real analytic functions O on a real analytic manifold is not fine. This is
because real analytic functions cannot be patched together using partitions of unity in the same way as
smooth functions, due to the rigidity of real analyticity. The same holds for the sheaf of holomorphic
functions on a complex manifold.

Example 4.30. The sheaf of principal parts on a Riemann surface is soft.

None of these examples are flabby. In fact, the failure of the sheaf of principal parts to be flabby is
precise the obstruction to the Mittag-Leffler problem.

Example 4.31 (Complex of sheaves of Z singular cochains). Consider the presheaf C* on a topological
space X defined by
CHU) = Ct (U, 7)

sing
where C’S"{ng(U ,Z) is the group of singular k-cochains on U with integer coefficients. The restriction
maps are given by restricting cochains to smaller open sets. The sheafification S* = C** is called the
sheaf of singular k-cochains. The complex of sheaves

ce s S SR SR

with the usual coboundary maps is a fine resolution of the constant sheaf Z y on X. This is because par-
titions of unity can be constructed for singular cochains by using barycentric subdivisions of simplices.

The complex (C*(X), d) is exact on stalks except for when k& = 0, where the cohomology is Z. Thus
this complex is a fine resolution of the constant sheaf Z y.

Corollary 4.32. The sheaf cohomology groups H*(X,Z) of the constant sheaf Zx on a topological
space X are isomorphic to the singular cohomology groups Hsiing(X ,Z) of X with integer coefficients.
Example 4.33 (Sheaf cohomology depends on the ambient category). Let X = S? and consider the
category of constant sheaves of abelian groups on X . Since X is connected, this category is equivalent
to the category of abelian groups.

In the category CstAbSh(X) of constant sheaves of abelian groups on X, Hom(-, -) derives just as in
abelian group. In particular we get R° Hom = Hom and R! Hom = Ext and there are no higher derived
functors.
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In AbSh(X) the category of all sheaves of abelian groups on X, the sheaf cohomology groups H*(X, Z)
are isomorphic to the singular cohomology groups Hsmg(X ,Z). Since S? has nontrivial second sin-
gular cohomology group Smg(S2 7) = 7, we have a nontrivial second sheaf cohomology group
H?(S?,Z) = Z in AbSh(X). Thus the sheaf cohomology groups depend on the ambient category

of sheaves we are working in.

Remark 4.34. This issue is not remedied by considering locally constant sheaves. These are the
sheaves for which the etale space F(F) — X is a covering space. The issue is that the category of
locally constant sheaves on X is equivalent to the category of representations of the fundamental group
m1(X), and so it only sees topological information about X.

Remark 4.35. For projective algebraic varieties, one may derive Hom correctly using complexes of
coherent sheaves.

This is not true for generic K 3 surfaces X, which do not have enough coherent sheaves. In particular,
one only has points and X as subvarieties of X, so the only coherent sheaves are skyscraper sheaves at
points, 7' X, and related as coherent sheaves.

In this situation, one must derive Hom using larger categories of O-modules to get the correct derived
functors. In particular, one may consider complexes of sheaves with coherent cohomology sheaves.

Exercise 4.36. Show that, on a compact Hausdorff space X, sheaf cohomology commutes with filtered
colimits: if § = hg S,,, then

liqu(X; S,) = HI(X;S).
Use this to prove that the sheaf of principal parts of meromorphic sections of a vector bundle on a
Riemann surface has no H! or higher cohomology.

Let X compact Hausdorff and {S, } a filtered direct system of sheaves. Let S = liga Sa
be the colimit in sheaves.

Take a finite open cover L = {U;}7, of X (exists since X is compact). For any p,

I swi,n---nu).

o<+ <ip

We will use a couple of lemmas and justify them at the end of the solution.
Lemma 4.38. Filtered colimits are computed stalkwise and commute with finite products.

The lemma implies that the Cech complex for S is the filtered colimit of the Cech complexes for S,
since we have the following isomorphisms which commute with the differentials:

crwS) = [[ SWen---nU,) = [[ lmSuU;n---NU;,)

ig<---<ip ip<--<ip &
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= lin 11 SalUiy N+ N U;,) = lim CP (4L, S,).

Qo< <ip

Lemma 4.39. Filtered colimits of abelian groups are exact, and in particular taking cohomology com-
mutes with lin:

HI(U; S) = liﬂﬁq(ﬂ; Sa)-

On a compact Hausdorff space (in particular, on a Riemann surface) Cech cohomology with respect to
a good cover computes sheaf cohomology. Hence

HY(X:8) 2 lim H'(X; S,

for all q.

For the second part, let R be a Riemann surface and V' a holomorphic vector bundle. For each effective
divisor D on R, let Pp(V') be the sheaf of principal parts of meromorphic sections of V' with poles
bounded by D.

Observe that Pp (V') is supported on the finite set Supp(D), so it is a finite direct sum of skyscraper
sheaves.

Lemma 4.40. A sheaf on R with finite support has no higher cohomology. In particular, for ¢ > 1,

HY(R;Pp(V)) =0,

The full principal parts sheaf is the filtered colimit over all effective divisors:
P(V) = lig Pp(V),
D

directed by D < D’ if D divides D’. Applying the result from the first part:

HY(R;P(V)) liqu(R; Pp(V)).

But each HY(R; Pp(V')) = 0 for ¢ > 1, so the colimit is 0. Therefore

HY(R;P(V))=0 forallqg>1.

Now we justify the lemmas used above.
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Proof of Lemma 4.38. Define a presheaf F(U) := lim | S.(U). We claim F is already a sheaf.
Then F is the colimit in the sheaf category, so for any open U, we have

S:=1lmS, satisfies S(U) = lim So(U)

To show F is a sheaf, take an open cover U = [, U;. For separatedness, suppose s € F(U)
restricts to zero in every F(U;). Represent s by some s, € S,(U). Its restriction to F(U;) is the
image of s,|y,. If that image is zero in the colimit, then for each 7 there is some stage (3; > « with
sg;lu; = 0. Since the system is filtered, find v dominating all 3;. Then (s,)|y, = 0 for all 7, so by
the sheaf property of S, s, = 0, hence s = 0 in the colimit.

For gluing, suppose we have s; € F(U;) that agree on overlaps. Represent each s; by some
Si.a; € Sa,; (U;). Filteredness gives a stage  dominating all o;. Push all s ,, to Sg; they still agree
on overlaps, so they glue to some sz € Sg(U). Its class in F(U) glues the original s;.

Therefore the presheaf colimit is a sheaf, and S(U) = lim S, (U). Thus filtered colimits are
computed stalkwise, so it is enough to show that in the category of abelian groups filtered colimits
commute with finite products. [

Proof of Lemma 4.39. Take a short exact sequence of direct systems
0= A, I B, 0, =0,
with all maps compatible. We need to show that
O—>lig1Aa—>liﬂBa—>tha%O
is exact.

Left-exactness (injectivity at hgl A,) holds for any colimit: if an element becomes zero in hg B,,
it is already zero after some stage, and then in A, by exactness there.

Surjectivity at hgl C,, is where filteredness is used. Let [¢,] € @ C,. Pick representative ¢, € C,.
Exactness at C, gives b, € B, with g,(b,) = ca. Let [b,] be its class in hg B,; its image is [c,]-

We need to check this does not depend on choices: if we change stage or lift, filteredness gives
a common stage where the choices agree, because kernels and images are compatible. That is
standard and uses only that the system is filtered.

Hence the right map is surjective and the colimit of a short exact sequence is exact. [

Proof of Lemma 4.40. Let F be a sheaf on R with finite support {p1, ..., p,}. Then



where i, : {p;} < R is the inclusion. Each (i,,).F,, is a skyscraper sheaf supported at p;.

Skyscraper sheaves are flasque. For G = (i,).A, where A is an abelian group and = € R, we have
for V' C U, the restriction map G(U) — G(V) is either:

idy if both contain x
A—0 ifzelz¢V
0 — 0 otherwise

In all cases it is surjective. Therefore every restriction map is surjective, so G is flasque.

Finite direct sums of flasque sheaves are flasque since surjectivity is preserved under finite prod-
ucts. Flasque sheaves have vanishing higher cohomology. Since cohomology commutes with finite
direct sums, we conclude that H/(R; F) =0forqg > 1. O

Exercise 4.41. Kodaira’s theorem implies that for any vector bundle V' — R on a compact Riemann
surface, there exists a (bundle-dependent) degree d € Z such that

HY(R;O(V®L))=0
for all line bundles L of degree > d.
Use this fact, the long exact sequence for cohomology of
O—M~—=P,

and the result of Exercise 4.36 to show that the ad hoc definition of cohomology of vector bundles via
principal parts computes the genuine sheaf cohomology of vector bundles.

For any V' there exists d such that for every line bundle L with deg L > d,,
HY(R,O(V®L)=0
In particular, choose L = O(D) for some effective divisor D with deg D > dp.
For an effective divisor D, we have the short exact sequence of sheaves
0—0WV)—=OWV(D)) = Pp(V)—0,

where Pp (V) is the sheaf of principal parts of meromorphic sections of V' with poles bounded by D.
Taking the long exact sequence in cohomology, we have

0 — H(R; O(V)) = H'(R; O(V(D))) — H°(R; Pp(V)) = HY(R; O(V)) = H'(R; O(V(D))) — - --
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Since deg D > dj, we have H'(R; O(V(D))) = 0. Therefore,

H°(R; Pp(V))

HROW) = om0V (D)) — B Po (V)

Taking the direct limit over all effective divisors DD, we have

1/ . ~ 1 HO(R; Pp(V))
HAIOV)) = iy f s B 6 A(D)) — HOR P (V)

By the result of Exercise 4.36, we have

liy HY(R: Pp(V)) = HO(B: P(V)),

where P(V') is the sheaf of principal parts of meromorphic sections of V. Therefore,

HY(R;P(V))

TR0V = i, (R OWV(D)) — HOR PV)))

But lim | /7 °(R; O(V(D))) is precisely the space of global meromorphic sections of V. Thus,

H(R;P(V))
Im(HO(R; M(V)) — H°(R; P(V)))

14

H'(R;0(V))

4.4 Currents

Let M be a C* oriented differentiable manifold, m = dimg M. We first introduce a topology on
the space of differential forms C*(M, APT5,). Let Q C M be a coordinate open set and u a p-form
on M, written u(z) = > us(x)dr; on Q. To every compact subset L. C (2 and every integer
s € N, we associate a seminorm

p}(u) = sup max | D% (x)
z€L ‘IIIEP

Y

where a = (ay, ..., a,,) runs over N, and
D% = 8'“'/((%(1"1 e Qo)

m

is a derivation of order || = a1 + - - - + ayy,.

Definition 4.43. We introduce the following spaces of p-forms on manifolds.

(a) We denote by EP(M) the space C° (M, APT},) equipped with the topology defined by all
seminorms pj as s, L, () vary.
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(b) If K C M is a compact subset, DP(K') will denote the subspace of elements u € EP(M)
with support contained in K, together with the induced topology; DP( M) will stand for the
set of all elements with compact support, i.e.

Dr(M) = | D (K).

Since our manifolds are assumed to be separable, the topology of £P( M) can be defined by means
of a countable set of seminorms p$ , hence EP(M) is a Fréchet space. It should be observed however
that DP(M) is not a Fréchet space; in fact DP(M) is dense in EP(M ) and thus non-complete for
the induced topology. Spaces of currents are defined as the topological duals of the above spaces,
in analogy with the usual definition of distributions.

Definition 4.44. The space of currents of dimension p (or degree m — p) on M is the space D), (M) of
linear forms 7" on DP( M) such that the restriction of 7" to all subspaces D?(K), K € M, is continuous.
The degree is indicated by raising the index, hence we set

D'™~P(M) = D, (M) := topological dual (D"(M))".
Currents can be given locally by integration against differential forms with distributional coeffi-

cients. In particular, there is an inclusion of differential forms into currents

EP(M) — D™ P (M)
W (n — /Mw A n)

Currents have a well-defined exterior derivative defined by duality. In particular, for a current
T € D'™P(M), the exterior derivative dT" € D'™ P+ (M) is defined by

dT(n) = (—=1)"*'T (dn)

for any test form n € DP*(M). Also, the construction admits a natural sheafification, where for
each open set U C M, we define

Dy "(U) =D'™*(U)
and the restriction map for j : V' — U is given by

Dy (U) = Doy (V)
T — T’V

where for any test form ¢ € DP(V'), we define

(Tlv)(p) = T(9)
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where ¢ = j.¢ is the pushforward of ¢ by j, defined by

. Jelx) zeV

This is an 51(\)/[—module sheaf, where 51?/[ is the sheaf of smooth functions on M. Moreover, it is a
fine sheaf because one can construct partitions of unity using smooth bump functions.

4.5 De Rham/Dolbeault cohomology

Let X be a n-dimensional paracompact differential manifold. Then the de Rham complex resolves
the constant sheaf Ry on X:

0oRy &S el S den 4o
where £% is the sheaf of smooth k-forms on X. Local exactness holds by the Poincaré lemma.

Lemma 4.45. Let w be a closed k-form defined on an open set U C X. Then for any x € U, there
exists an open neighborhood V' C U of x and a (k — 1)-form 7 on V' such that dn = w|y .

Since each £X is a fine sheaf, we can compute the sheaf cohomology groups H'(X, R) using the
global sections of the de Rham complex:

H'(X,R) = H'(I'(X, &%) = H(X)

Instead of using C'* differential forms, one can consider the resolution of R given by the exterior
derivative d acting on currents. Being modules over the sheaf of smooth functions, the sheaves of
currents are fine, so one can compute sheaf cohomology using currents as well.

d 1 d d
0=>Ry »DYV S DS ... 5 DY -0
and the inclusion £% — DY"~* induces an isomorphism on cohomology. Thus we have

H'(X,R) = H'(I(X,DY""*)) = Hy(X)

Let X be a C-analytic manifold of dimension n, and let £79 be the sheaf of germs of C* differential
forms of type (p, q) with complex values. For every p = 0, 1, ..., n, the Dolbeault-Grothendieck
Lemma I-2.9 shows that (£7°, d”) is a resolution of the sheaf 2% of germs of holomorphic forms
of degree p on X. The complex of global sections

09Xy Loert(x) Ly o L grn(x) - 0
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then defines the J-cohomology groups of X with coefficients in C:

HP(X,C) = H'(EM*(X)). )

The sheaves £P are acyclic, so we get the Dolbeault isomorphism theorem which relates O-
cohomology and sheaf cohomology:

2

HP(X,C) ~ H(X,0%). (6.15)

The case p = 0 is especially interesting:

12

H*(X,C) ~ HY(X,Ox). (6.16)

As in the case of De Rham cohomology, there is an inclusion £ C D! and the complex of

n—p,n—q’
currents (D', . ,,d") defines also a resolution of 2. Hence there is an isomorphism:
HY(X,C) = HY(EP*(X)) ~ HY(D)_,._.(X)) (10)

5 Hermitian connections, curvature, and Chern classes

Let E be a complex vector bundle over a complex manifold X. Let E7(E) be the sheaf of smooth
E-valued p-forms on X. In particular, E%(E) is the sheaf of smooth sections of F.

For now, we let E' be a real or complex vector bundle over a smooth manifold X.

Definition 5.1. A connection as a linear map

V:EYE)— EYR)

satisfying the Leibniz rule

V(fs)=df ® s+ fVs

for any smooth function f and smooth section s of E. This map extends uniquely to a map

V:EP(E) — EPTY(E)

satisfying the graded Leibniz rule for E-valued forms:

Viw®s)=dw®s+ (—1)%%“wA Vs

for any smooth p-form w and smooth section s of F.
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Remark 5.2 (Notation). Juxtaposition always means wedge product of forms + composition of endo-
morphisms. In particular, fora = A ®@ w € EP(End(F)) and f = B®n € £9(End(F)), we have

af =(AoB)® (wAn)
where A o B is composition of endomorphisms and w A 7 is wedge product of forms.

Definition 5.3. The curvature of a connection V on a vector bundle £ over a smooth manifold X is
the map

Fy =V?:%E) — £*(B)
is an endomorphism valued 2-form on £.

1. In a local trivialization, one can write V(s) = ds + As where s is a local section, A is
a matrix of 1-forms, and As is matrix multiplication where entrywise wedge products are
taken.

2. When extending V to End(F)-valued forms we require the graded Leibniz rule
V(Ps) = (V) As + (—1)%E? D A (Vs)

for any section s of £ and any ® € QP(X, End(FE)). Note that ®s is the F-valued p-form
obtained by applying the endomorphism ®(z)(v1, .. .,v,) to s(z).

To compute V@, write V = d + A in a local trivialization. Then

V(®s) =d(Ps) + AN (Ps)
=(dP)Ns + (-1)PPAds + ANDAs.

On the other hand,
O(Vs) =P(ds+ ANs) =P Ads + PAAAs.

Subtracting the two expressions and using the graded Leibniz rule shows that the extra term

multiplying s must be
AP+ AND — (—1)PDP A A.

Thus

VO =db+AND - (—1)POANA

which is equivalently
Vo =dd + [A, D], [A,P] = AND — (—=1)PD A A.

Note that we are using the graded commutator here, which stems from the fact that differen-
tial forms supercommute.
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3. The curvature is given by

1
Fv:dA+A/\A:dA+§[A,A]

Proposition 5.4. The Bianchi identity states that

dFy + [A,Fv] =Viyg =0

Proof. We compute

dFy + (A Fy| =d(dA+ANA)+[A dA+ANA]
=d*A+dANA—ANIA+ A dA] + [A, AN A]
=0

since d? = 0, the middle two terms cancel, and the last term vanishes since A A A is of even degree
and therefore commutes with A. [

Definition 5.5 (Chern classes). Let E/ be a complex vector bundle over X. The total Chern class of £
is a cohomology class in H**"( X, R) defined by

?
E)=det | I+ —F
C( ) € ( + o V)
where FYy is the curvature of any connection V on E.

Morally ¢, € H?*(X,R) is the kth symmetric polynomial in the eigenvalues of %Fv. Many
things are not clear. It’s not clear that this is a closed form, it’s not clear that it’s real. It’s not clear
that it depends only on I? and not on the curvature.

1. We get a closed form
d(c¢(E)) =0

In fact for any conjugation invariant polynomial P : Mat,.(C) — C, we have
dP(Fg) =0

This is checked by specializing to P(M) = tr(M*) because these generate all conjugation
invariant polynomials. Then

dtr(FE) = ktr(dFy A FEY) = —ktr([A, Fe) A FEY) =0

by the Bianchi identity and cyclicity of the trace.
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2. The Chern class ¢(F) is independent of the choice of connection V and depends only on E.
We will check this by showing that if we change connections, the traces of powers tr(F*)
will change by exact forms. If you try to do this directly it gets very messy, so it is easiest
to check infinitesimal changes. Then when we integrate up the infinitesimal changes, we
integrate exact forms which remain exact.

Let V, be a family of connections on £ with curvature F;. We will show that % tr(FF) is
exact for each k.

First compute the derivative of the curvature. With A, the connection 1-form and At = %At,
we have

d . . .
B:dAt+AtAAt7 EFt:dAt—'—At/\At-}_At/\At

Recalling the covariant derivative V,(-) = d(-) 4 [A,, -] with [A,, A] = A, A Ay + A, A Ay,

we obtain J
—h = Vi(Ay).

Thus we get that

—tr (FF) = Ztr (Fﬂ dFtF’“ 1= J>

d
= ktr(FF A %Ft) by cyclicity

= ktr(FF Y AV(AY))
k_2 . . . .
—k> tr(FI A (VE)AFF29 A (A) + kdte(FFE A A

J=0

where the last line follows from the graded Leibniz rule for V; applied to the product
FF1 A A,. Explicitly,

Vi(FFPANA) = VI FFY AN A+ FFEPAVL(A)).
But
k=2 '
Vt(Ftkil) = Z F (Vi) Ftk72ija
j=0

SO
k—2

Vi(FFANA) =Y F AN (VE) AR N A+ FFTAVY(A)).
=0
Rearrange to solve for the term we have:

k—2
FfUAV(A) = V(BT ANA) =Y F AVE)AFTI A A,

=0
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Returning to our computation, the first term vanishes by the Bianchi identity, so we get that

%tr(Ftk) = kdtr(FF1 A Ay)

which is exact. Thus the Chern classes are independent of the choice of connection.

3. We skip the check of reality. In fact it is only real up to exact forms. Need a hermetian
connection to get a real form representative.

5.1 Key properties of Chern classes

Proposition 5.6. Chern classes are natural, i.e. for any smooth map f : ¥ — X between smooth
manifolds and complex vector bundle £ over X, we have

(f'E) = f*e(E)
where f*E is the pullback bundle of E over Y.

The reason is that when we pull back a vector bundle, one can also pull back a connection.

Proposition 5.7. ¢y is the identity, i.e.

If E = C" x X is the trivial bundle, then
c(B)=1
i.e. all higher Chern classes vanish. If £ > rank(F), then
ck(E)=0

Proposition 5.8. The top Chern class ¢,(F) of a complex vector bundle £ of rank 7 over a smooth
manifold X is the Euler class e( Eg) of the underlying real vector bundle Ex of rank 2r.

Proposition 5.9 (Whitney sum formula). For any two complex vector bundles £ and F' over a smooth
manifold X, we have

c(E®F)=c(E)Nc(F)

where E @ F is the direct sum bundle of E and F'.
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Proof. Choose V on E & F which respects the direct sum decomposition, then V¥ and V¥ com-
mute and the curvature decomposes as

Fv - FvE @ FvF

and so the determinant factors. [

Proposition 5.10 (Splitting principle). Given £/ — X a complex vector bundle of rank r over a smooth
manifold X, there exists a natural smooth manifold F1(E) (holomorphic if E and X are), and a fiber
bundle 7 : FI(F) — X, so that 7*FE splits (non-holomorphically) as a direct sum of complex line
bundles

TE=Li®Ly®---® Ly,

Atapoint z € X, the fiber F1(E), is the variety of complete flags in the vector space F.,,. If o; = ¢;(L;)
are the first Chern classes of the line bundles L,, then

H*(FI(E),R) =2 H*(X,R)[a1, s, ..., ]/ (ex(c, 0, ... ;) — 7 cp(E) | k=1,2,...,7)
In particular, the induced map on cohomology
7 H*(X,R) - H*(FI(F),R)

is injective, and the total Chern class of E splits in F1(E) as

me(E) = [J(1+ o)
where the «; are the Chern roots of F.

Remark 5.11. Assume E — X is a holomorphic vector bundle of rank r. On the flag bundle 7 : FI(E) — X
one has the tautological holomorphic flag

0=5csS c---CS,=7"F
of holomorphic subbundles, with rk .S; = 7. Define holomorphic line bundles
Li = Si/Si—h izl,...,r.

From the short exact sequences
0—S8-1—S —L —0

we see that each S; is an extension of S;_; by the line bundle L;. In the holomorphic category these
extensions need not split: the obstruction to splitting is an extension class in

Ext'(L;, Si—1) & H'(FI(E), Hom(L;, S;—1)),
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which is in general nonzero.

In the C'*° category, however, every such short exact sequence of complex vector bundles splits. Choos-
ing a Hermitian metric on the bundles and taking the orthogonal complement of S;_; inside .S; yields a
smooth splitting

S, =S,_19L; as C'™° complex bundles.

Inductively this gives a smooth isomorphism
W*E:STng@"'EBLT

as complex C'*°-bundles. The complements obtained by orthogonal projection are not holomorphic
subbundles in general, so the resulting splitting is not holomorphic.

Exercise 5.12. Let R be a compact Riemann surface of genus g. Show that the period mapping gives

an isomorphism
Hy(R; Z) — Hi(J;Z),

which can be realized geometrically by the Abel-Jacobi map
R — J;.

Show that under this correspondence, ¢;(©) € A>H;(R) is the intersection pairing on R.

The presentation of the Jacobian .J as
J = HY(R;0)/H\(R;7Z)

makes it clear that H,(.J; Z) is naturally identified with H,(R;Z), since the universal cover of J is the
vector space H'(R; ©). The period mapping

Hi(R;Z) — Hy(J:7Z)

is injective because of the Riemann bilinear relations, and since both groups are free abelian of rank 2g,
it is an isomorphism. Pick a base point py € I and define the Abel-Jacobi map

P
p:R—=J, p»—>[w>—>/w]
Po

precisely implements the lift of the period mapping to the universal cover and hence induces the same
isomorphism on ;.

To identify ¢;(©) with the intersection pairing on H;(R,Z), we first note that by the universal coef-
ficient theorem and the fact that H*(J,Z) = Alt"(H,(J,Z),Z) (the group law on .J induces a map
H\(J,Z) ® ---® Hy(J,Z) — H(J,Z) as follows. For each a € H;(J,Z) choose a loop £, : ST — J
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representing . For oy, . . ., oy, consider the map (S*)* — J givenby (¢, ..., t) = Lo, (t1)+ - +Lo, (tr).
For orientation reasons, this map is alternating in the ;). We have

H?*(J,7) = Hom(Hy(J,Z),Z)
=~ Hom(A’H,(J,7Z),7Z)

~ AW2(H,(J,7),7) S A*(Hy(R,Z),7)

so indeed ¢;(©) corresponds to an alternating bilinear form on H,(R,Z). Pick a symplectic basis
{al, sy Qg bl, ce ,bg} of H1<R, Z), i.e.

CLZ"CLJ‘:O, bzbj:(), ai-bj:@-j.

Under the identification H,(R,Z) — A = H,(J,7Z) coming from the period map and the Abel-Jacobi
embedding, a homology class v € H;(R,Z) corresponds to an integral vector (m,n) € Z29. The
intersection pairing on H;(R,Z) is given in these coordinates by

(m,n)-(m',n') = m™n' —m"n.
The Riemann theta function with period matrix 7 is

O(z|7):= Z exp(mik'rk +2mik'z), =z € CY.

keZ9

The Riemann theta function satisfies the quasi-periodicity property:
0(z+m+71n|7)=exp(—min"tn — 2min"2)6(z | 7).

In particular, the Riemann theta function defines a holomorphic section of the line bundle O;(©). Thus
the factor of automorphy is

eu(z) = exp(—minTTn — 2min' 2) = exp(2mif.(z))

with
-

fu(Z) = —%TLTTTL -n z, U=m-+Tn.

The following lemma is standard.

Lemma 5.14. Let U C V be a lattice in a complex vector space V. The map which associates to any
map F': U x U — Zthemap AF : U x U — 7Z defined by

AF(ul,UQ) = F(ul,ug) — F('ng,ul)

maps the group of 2-cocycles Z%(U,Z) into the space of alternating linear maps U x U — Z, and
induces an isomorphism

A: H*(U,Z) = Hom(A*U,Z) = A*Hom(U,Z).
Furthermore for £, € Hom(U,Z) = H'(U,Z), we have A({ — 1) =& A .
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The proof of the following lemma is given at the end of the solution.

Lemma 5.15. If e, (z) = exp(27if,(z)) are the factors of automorphy, then the Chern class
a(L) € H*(J,Z) = Alt*(A, Z)
corresponds to the form

E(ulqu) = fuz(z +u1) + fm('z) - fm(z _'_u?) - fw(z)

which is bilinear, alternating, and independent of 2.

Substituting into Mumford’s formula and using the symmetry of 7, the quadratic terms cancel, leaving
E(uy,ug) = nimy — ngm.

recovering the intersection pairing on H, (R, Z).

Proof of Lemma 5.15. A holomorphic line bundle on J is equivalent to the trivial bundle V xC — V'
endowed with the A—action

u-(2,8) = (2 +u,e,(2)%).

Thus L corresponds to the multiplicative 1—cocycle {e, } satisfying the identity

Cuytus (Z) = Cuy (Z + ul)eul ('Z)

Consider the exponential sequence on V,

exp(2mi -

O—>Z—>OV—)>(’)‘X/—>1.

Passing to group cohomology of A gives an exact sequence
HY (A, 0%) % H2(A, Z),
and it is standard that the Chern class ¢; (L) is precisely the image under ¢ of the cocycle {e, }.

Choose logarithms f, with e,, = exp(2mif,). The formula for 6 on group cochains gives the
2—cochain

F<u17u2>('z) = qu(Z + ul) - fUH-UQ(Z) + fm (Z>

Because of the multiplicative cocycle identity taking logarithms yields

Jurtus (2) = fus (2 + 1) = fu, (2) € Z.
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Hence F'(uy,us)(z) takes values in Z. Being holomorphic and integer—valued, it is constant in 2.
Thus [ defines a function
F:AXxAN—2Z,

and one checks directly that it satisfies the group cocycle condition ' = (. Therefore F' is a
2—cocycle representing the Chern class ¢; (L).
The previous lemma identifies

H*(A\,Z) = Alt*(A,Z)

via the alternation map
AF(’U,l, 'LL2) = F(Ul,UQ) — F(u2,u1).

Applying this to the cocycle F' gives
E(ur,uz) = Fui,uz) — Fuz,uy)
= qu(Z + ul) + fm(z) - ful(Z + U’Q) - fU2(Z)7

which is therefore a representative of ¢;(L) in the alternating form picture. In particular F is
bilinear, alternating, and independent of z. [

5.2 Hermitian structures on complex vector bundles

Let E be a complex vector bundle over a smooth manifold X.

Definition 5.16. A Hermitian structure on £ is a smoothly varying family of Hermitian inner products
(-,-). on the fibers E, for each x € X. In other words, for any two smooth sections s,¢ of E, the
function

> (s(x),t(x)),

is a smooth complex-valued function on X.

In a local frame o;, a Hermitian structure is given by a positive definite Hermitian matrix of smooth
functions, defining a positive definite inner product on each fiber. If o = > f;o; and 7 = ) g;0;
are local sections, then

(0,7) = Z hijﬁgj
1,]

where h;; = (o0;,0;). Throughout the text, we use the convention that the inner product
is conjugate linear in the first variable and linear in the second variable. Note that this
convention results in some formulas looking different from other texts which use the opposite
convention.

Global Hermitian structures always exist on complex vector bundles over smooth manifolds by
using partitions of unity to patch together local Hermitian structures.
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Definition 5.17. A connection V on a complex vector bundle £ with Hermitian structure (-, -) is Her-
mitian if for any real tangent vector field X on X and any smooth sections s, ¢ of £, we have

X(s,t) = (Vxs,t) + (s, Vxt)
Equivalently, the parallel transport defined by V preserves the Hermitian structure on the fibers of £.
For any piecewise smooth path v : [0,1] — X and an initial vector o(v(0)) € E(), the parallel

transport of o(7(0)) along + is the unique section o of v* ' satisfying the following ordinary differential
equation:

Vimo =0
a(7(0)) = a(+(0))

We say o is horizontal along ~y for the connection V. Then V is Hermitian if for any such v and any
two initial vectors v, w € E.q), the parallel transports s, and s, of v and w along y satisfy

(su(1(2)), 50 (7(2))) = (v, w)
forallt € [0, 1].

One way of thinking about the expression X (s, t) is that it is linear in s and ¢, but also (, ) as well,
and the Hermitian condition expresses the fact that the covariant derivative of the Hermitian metric
is zero.

Example 5.18. On X = S*, consider the trivial complex line bundle £ = S! x C with the standard
Hermitian structure
((z,v), (x,w)) =W
for x € S' and v,w € C. Define a connection V on E by
ds
Vas= 0 + cos(f)s

for any smooth section s : S' — E. This choice of V is not Hermitian because the factor of cos(6)
causes the norm of a section to change under parallel transport. The connection

ds .
Vas= @—l—zf(@)s
for any real-valued function f : S — R is Hermitian because the factor of 7 f(6) acts only by rotation

and preserves the norm of sections under parallel transport.

Theorem 5.19 (Chern connection). Given F,h over X Hermitian and holomorphic, there exists a
unique Hermitian connection V on E whose (0, 1)-component is the Dolbeault operator Og:

Vd/dgis = S

0z;
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Proof. First we check the uniqueness. Let s, be local holomorphic sections of £. Then by the
Hermitian condition, we have

0
a—Zih(s,t) = h(Va%s,t) + h(s,Va%t) = h(s,Va%t)

since V_ o s = Jps = 0 by holomorphicity of s. In particular, any two holomorphic sections s, t

0zZ;
can be written as column vectors s = (s',s% ..., s")and ¢ = (¢!, #2,...,1") in a local holomorphic

frame of F, and the Hermitian metric can be expressed as
h(S, t) = Z hugt]
.3
where the s° and t/ are holomorphic functions. Therefore, applying % to the s’ yields zero because
st is antiholomorphic.

In this case, the left hand side is known and since the form h(s, -) is nondegenerate, this determines
\Y% i t uniquely. Now we check existence. Note that having established uniqueness, it suffices to

establish existence via a formula locally since there is no ambiguity in gluing local connections.

Choose a local holomorphic frame
{o1,...,0.}

for £. In this frame the metric is given by a positive definite Hermitian matrix of smooth functions

H = (hij)7 hij = h(JZ’,Oj).

Any local section s of £ can be written as a column vector of holomorphic functions
s = Zsiai o os=(sh ...,
i

and similarly ¢ = (¢!,...,¢")T. With our convention on i we have

h(s,t) = hyjs't) =5 Ht.
,J

We look for a connection of the form
VOl =g, V=04 A,
where A0 is an r x r matrix of (1,0)-forms. Thus, in this frame,

Vs =0s+ds+ A,
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For a vector field of type (1,0), say X = 0/0z, set Vi, = Vy,s,, and O, = 0/0z,. The
Hermitian compatibility condition

Och(s,t) = h(Vgs,t)+ h(s, Vit)
now becomes, in matrix notation,
Op(5THE) = (Vps) Ht + 5T H (Vi)
— D + Aps) Ht + STH(Out + At),
where Ay, is the matrix of functions such that A =", A; dzy.

On the other hand, .
8k(§THt) = ET(8kH)t + (aks) Ht + ETH(BIJ),

since 95 = 0 (the s are holomorphic).

Comparing the two expressions and cancelling the terms containing Ji.s and Oxt gives
ST(OH)t = (Aps) Ht +35 HAwt = 5T (ALH + HAt

for all s,t. Hence we obtain the matrix identity

OLH = ALH + HA.

Taking the (1, 0)-part of both sides and using that Ay is of type (1,0) while A} is of type (0, 1), we
get

oH = HAy,
SO
Ay = H '9,H.
Equivalently, in differential form notation,
AV = g7 19H.

Thus in our holomorphic frame we have defined a connection by

0s ds OH
VES T VEST e 1 o

which by construction satisfies V%' = 0y and is compatible with the Hermitian metric h. One
checks that these local formulas transform correctly under change of holomorphic frame, so they
glue to a global connection. This is the desired Chern connection. [
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Proposition 5.20. The Chern connection has curvature given by the formula
Fy =0(H '0H)

provided H is defined in a local holomorphic frame. In particular, the curvature is of type (1, 1).

Theorem 5.21 (Weights and curvature of Hermitian metrics on holomorphic line bundles). Let L — X
be a holomorphic line bundle on a complex manifold, equipped with a Hermitian metric ~. Choose a
local holomorphic frame e of L over an open set U C X, and write

h(e,e) = e ?, ¢ € C*(U,R).
Then ¢ is called the local weight of the metric / in the frame e. The following statements hold:
1. The Chern connection V of (L, h) is given in the frame e by

Ve = (0¢) ®e.

2. The curvature of the Chern connection is

F, = 00¢.
In particular, Fj, is a real (1, 1)—form representing 27i c¢1(L).
3. If hy and h are two Hermitian metrics related by
h = e % ho, v € C*(X,R),

and if ho(e,e) = e, then h(e,e) = e~(®+¥). Thus the weights satisfy ¢ = ¢, + ¢, and
the curvatures satisfy B
Fh = FO + 88@

4. Since log h(e, ) = —¢, one may also write
F, = —ddlogh(e,e).

Proof. Let e be a holomorphic frame. Since h(e,e) = e~?, metric compatibility determines the
connection 1-form 6 by

Oh(e,e) = h(e,e)(0 +0), Oh(e,e) = h(e,e)@.

Because ¢ is holomorphic, the (0, 1)-part of the Chern connection equals d, hence § = 0¢. It
follows that f = 0¢, giving

Ve=0®e=(09) e,
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which proves (1).
Since the curvature is F}, = V? = df and 6 = 0¢ has type (1,0), we obtain

Fy = 5(8¢) = 8(%,
proving (2). If h = e~%hy, then

h(e,e) = e Phy(e, e) = e~ (P0F¥),
S0 ¢ = ¢g + . Applying (2) yields
Fy = 00¢ = 00 + @) = Fy + 90,

which proves (3). Finally, since log h(e, e) = —¢, statement (4) is the same as (2) written as

Fj, = —001log h(e,e).

O

Example 5.22. Consider the tautological line bundle O(—1) over CP". It carries a hermitian structure
invariant under the action of U(n + 1) induced from the standard hermitian structure on C"*'. In the
standard affine chart Uy = {[1 : z; : - - - : z,]} with coordinates z; = z; + iy;, a local holomorphic frame
is given by the section

o(z) =(1,21,22,...,2)
whose norm is given by
h(o(2),0(2)) =14 |z1|* + [z2* + - + |2a)?
Therefore, in this local holomorphic frame, the hermitian metric is the bilinear form b = 1 + > |2,
Le.

W(fo,90) = (1+>_|z")fg
where fo, go are local sections. We can compute the curvature of the Chern connection on O(—1)
Fy =8 (h™'0h)
~(i5rr)
ERRNESSIFIE
A+ =) T+ |zl
— 2L+ 3 [5[N)dz A dZ + 3 zidz A dZ;
(1422 ]=[%)?
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When n = 1, this reduces to

 —(1+[z])dz ANdz 4+ zzdz N dz

Fo —
¥ (1+[2)?
 —dzNdz
(]2
_ 2Zidx Ndy
BERSE
This gives
7 —1 dx Ndy

a(O(-1) = =Fv =

2 T (14 1r2)?

Finally we can compute
[ a0y == [T
c -1))=— - 2m- ———ar
cp ™ o (L+72)2

so we see why the normalization of Chern classes is chosen as it is.

The reason O operators are important is that they allow us to define holomorphic structures on
complex line bundles. In fact, the following proposition holds for complex vector bundles of any
rank, but we state it here for line bundles for simplicity.

Proposition 5.23. Let L be a smooth complex line bundle over a complex manifold X. A holomorphic
structure on L is equivalent to the choice of a C-linear operator

O : E°(L) — &E%Y(L)
satisfying:
(i) The Leibniz rule: 0;,(fs) = (0f) @ s + fOs, felC>(X), se&L)
(i) 0? = 0.
Proof. Suppose first that L is a holomorphic line bundle. Choose a holomorphic trivialization on

an open set U C X with holomorphic frame e. Every smooth section has the form s = fe, and we
define

Or(s) :== (0f ) e.
If ¢ = ge is another holomorphic frame on U, then f' = ¢~ f and dg = 0, so

of =g 'of.
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Thus (0f")e' = (Of )¢, so the definition glues on overlaps. The resulting operator clearly satisfies
the Leibniz rule, and 97 = 0 because in a holomorphic frame it is just the usual  on functions.

Conversely, suppose we are given a C-linear operator J;, satisfying (i)-(ii). On a trivializing open
set U, pick a nowhere-vanishing smooth frame e, and write any section as s = fe. By the Leibniz
rule there is a unique (0, 1)-form « on U such that

5Le:a®e.

Then B B

or(fe) = (Of + af)e.
Applying 0? = 0 to e gives 7504 = 0. By the O-Poincaré lemma, on a smaller U there exists a
smooth function ¢ with o = 9¢. Define a new frame ¢’ := e e~%; then

5L€, =0.

Thus € is a 5L—holomorphic frame, meaning that a section s = fe’ satisfies Jrs = 0iff 0 f=0.
Hence the sheaf B
OL(U) = {S € SO(L‘U> ’ 8LS = 0}

is identified with the usual sheaf of holomorphic functions on U. On overlaps U NV, if ¢’ and ¢€”
are such holomorphic frames, the transition function g defined by e’ = ge’ satisfies

so Og = 0; hence ¢ is holomorphic. Therefore these frames define a holomorphic line bundle
structure on L. [

Exercise 5.24. Let L — X be a holomorphic line bundle on a complex manifold, and let o« € £ 0.1 be a
0-closed form. Show that the re-defined operator

525—!—04

on sections of L defines a new holomorphic structure L’ on the same underlying bundle, where local

holomorphic sections are defined as those killed by 0. Show that L ~ L’ if « is 0-exact. Relate this to
the exponential sequence.

For vector bundles, the same applies with an o € £%!(End(V)) satisfying the non-linear equation
da+aAa=0.

The new bundle is isomorphic to the old one if o = a~*da, for some smooth section a of Aut(V').
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From the given holomorphic structure, we have a C-linear map
Op: EUL) — E%H(L)
satisfying the Leibniz rule and the condition 97 = 0. We have the new operator
Js:=0s+aNse EON(L).
First we check that 0 is a d-operator. For f € C>(X)and s € £°(L),

O(fs) = (fs) +afs=Of) s+ fOs+ fas=(3f) s+ f Os,
so the Leibniz rule holds.

Next, compute 92. View J as a derivation of degree (0, 1) on £%*(L); then for 8 € £>L and n € £%9(L),

(B Am) = (08) An—BAdn.

Hence, for a section s € £(L),

0s = 0(ds + a A s)
=00s+aNns)+aA(0s+aAls)
=0s+0(aNs)+aANds+aAaAs
=0+ (Oa)As—aANds+aAds+ahals
=(@a)As+ahaAls.

]§y assumption Oa = 0, and since « is a 1-form, @ A o = 0. Thus 523 = 0 for all s, so 52 = 0and 5 isa
0-operator. It therefore defines a new holomorphic structure L' on the same underlying smooth bundle,
whose local holomorphic sections are those killed by 0.

Now we check that if « is O-exact, then L' ~ L. Suppose o = O¢ for some smooth complex-valued
function ¢. Define an automorphism of the C*° line bundle L by multiplication with e?:

F: L — L, s — e?s.

We claim that F' is an isomorphism of holomorphic line bundles L' — L, i.e.

O(Fs) = F(ds) foralls.

Indeed, - - ~ _ _ ~
I(Fs) = 0(e?s) = e?(0p N s+ 0s) = e?(a A s + Ds) = F(0s).

Thus F'is holomorphic with respect to 8 on the domain and  on the target, so L' ~ L.
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The (0, 1)-form « is d-closed, so it defines a Dolbeault cohomology class

[o] € H)'(X) = H'(X;0).
Changing a by a 0-exact form does not change this class, and by the computation above such a change
yields an isomorphic holomorphic structure. Thus the isomorphism class of the new line bundle '
depends only on [«].
Recall the holomorphic exponential sequence

exp(2mi-)

0—%Z—0O 0* — 1,

whose long exact cohomology sequence contains
H'(X;0) == H'(X;0%),

and H'(X; 0*) = Pic(X) classifies holomorphic line bundles. The class [a] € H!(X; ©O) maps under
the exponential to the class of the holomorphic line bundle L' ® L~!.

6 Kahler manifolds

Recall that a Riemannian metric g on a smooth manifold X is a smoothly varying choice of inner
product g, on each tangent space 7, X for x € X. In local coordinates z;, the metric can be
expressed as

9= Zgijdxi ® d;

0]

where g;; = g ( T axj> are smooth functions on X.

Definition 6.1. The torsion 7" of a connection V on the tangent bundle 7°X of a smooth manifold X is
the map

T:EUTX)x ENTX) — EYTX)
T(X,)Y)=VxY -VyX — [X,Y]
for any two smooth vector fields X, Y on X. A connection is torsion-free if 7'(X, Y") = 0 for all vector

fields X, Y.

Theorem 6.2 (Levi-Civita). There exists a unique torsion-free connection V on the tangent bundle 7'X
of a smooth manifold X which is compatible with a Riemannian metric g on X, i.e. for any vector
fields X, Y, Z on X, we have

Xg(Y,Z2)=g(VxY,Z) +g(Y,VxZ)

This connection is called the Levi-Civita connection.
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One can obtain the Levi-Civita connection by symmetrizing any connection compatible with the
metric. Let its torsion be T'(X,Y) = VxY — Vy X — [X,Y]. Define a new connection V by
VxY := VxY — $T(X,Y). Then one checks that V is torsion-free and compatible with the
metric.

Example 6.3. Let V' = C" and equip V' with a hermitian inner product (-, -), i.e. one which is conjugate
linear in the first argument and linear in the second argument. Then the Levi-Civita connection is the
unique connection V on the tangent bundle 7'V = V x V compatible with the Riemannian metric g
defined by

g(u,v) = Re(u,v)

for u,v € V. In this case, the Levi-Civita connection is simply the trivial connection

vaizo, Vai:O

EEn 8xj Taf)zj

Equivalently, to covariantly differentiate the vector field Y in the direction of X at a point x, just take
the directional derivative of the vector-valued function Y in the direction X ().

(VxY)(x) = dYs (X (x))

In particular all constant vector fields are parallel and all coordinate functions have zero second deriva-
tives. It has zero curvature via a long computation which can be done in coordinates.

In standard coordinates on V' we can write

0,
with constants /;; (because we chose a constant Hermitian inner product).
The associated Riemannian metric is g = R(h), and the associated Kéhler form is defined by
w(X,Y) = g(X,JY),

where J is the standard complex structure. In coordinates one has

i _
w = §Zhw dZZ /\de,
Z7J

and again all coefficients h;; are constant functions on V.

Since w has constant coefficients in these linear coordinates, dw = 0 because d only differentiates the
coefficients, which are constant. Hence (V, J, g) is Kahler.
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Now if X is a complex manifold, then the Riemannian metric comes from a Hermitian metric h
on the tangent bundle 7'X. We get a preferred hermitian connection on 7'X by taking the Chern
connection. However, the induced connection on the underlying real tangent bundle 7 X need not
be the Levi-Civita connection of the Riemannian metric associated to h. This is very special and is
precisely the condition for X to be a Kahler manifold.

Theorem 6.4. The following are equivalent for a complex manifold X with Hermitian metric h:

1. The Levi-Civita connection of the Riemannian metric associated to h coincides with the
Chern connection of h on T'X.

2. Parallel transport with respect to the Levi-Civita connection is complex linear.

3. Let the Hermitian metric be given by

h=>Y " hydz; @ dz
1,J
in local holomorphic coordinates z;. Then the associated (1, 1)-form
w = % Z higdz A dZ;
2,

is closed.

4. For all x there exist complex coordinates z; centered at = so that at x,
hij = 65 + O(|z[)
i.e. the first derivatives of h;; vanish at z.

Remark 6.5. In flat space C™ with standard coordinates z; = x; + 1y;, the standard Hermitian metric is
given by

n

h=)Y dy®ds =Y (dv;®dy; + dy; @ dy;)

i=1 =1

The associated (1, 1)-form is

W= %idzi/\dz_i: idl’i/\d%
i=1 i=1

In particular, w is real, nondegenerate, and closed so it is a symplectic form.
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Remark 6.6 (Sketch of proof of equivalences). A strong consequence of (4) is that any coordinate
independent identity involving the metric and its first derivatives which holds in flat space must hold on
any Kahler manifold. One identity one sees immediately is that dw = 0 because it holds in flat space.
Thus (4) implies (3). (3) implies (4) is an exercise in choosing coordinates. The equivalence of (1)
and (2) is straightforward from the definitions. The equivalence of (1) and (3) is a computation in local
coordinates.

Definition 6.7. A complex manifold X with Hermitian metric h satisfying the equivalent conditions
above is called a Kahler manifold. The associated (1, 1)-form w is called the Kahler form of the
Kahler manifold.

The formula relating the Kahler form to the metric is given by

h(X,Y) = —2iw(X,Y)

Theorem 6.8. Every compact Riemann surface is a Kahler manifold.

Proof. Let X be a compact Riemann surface and pick any Hermitian metric ~ on 7'X. The result-
ing (1, 1)-form w is a real 2-form on the 2-dimensional manifold X, so it is automatically closed
because there are no 3-forms on a 2-manifold. Therefore, / is a Kahler metricon X. [

6.1 Harmonic theory on Kahler manifolds

The key construction is the inner product on the space of complex-valued differential forms on a
compact Kahler manifold, which allows us to define formal adjoints of the operators 0 and 0. This
leads to the definition of Laplacians and harmonic forms.

Recall that we have the decomposition of the de Rham differential
d: EPIX) — EPTM(X) @ EPIT(X)
into its (1,0) and (0, 1) components

01 EPU(X) — EPH19(X)

0: EPI(X) — EPTTL(X)
satisfying
=0
>’ =0
90+ 90 =0
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so that

On a compact Kahler manifold X, we have the following harmonic theory. There is a Hodge star
operator

* EPIX) — EMTIVTP(X)
characterized on real forms ¢ by
DN = (¢, 9)dV

where dV = “;L—T,L is the volume form associated to the Kahler metric and (-, -) is the pointwise inner
product on forms induced by the Kahler metric.

In coordinates x; for which % is an orthonormal basis at a point, we have
*(dziy Ndxi, N\ --- Ndxy,) = dxj, Ndxj, N ANdxj, €
where {j1,72,. .., n—k} is the complement of {iy,ia,... i} in {1,2,...,n} such that corre-

sponding permutation has sign €.

Then we extend x complex linearly to complex-valued forms. This induces the complex inner
product

O K L e

on the space of complex-valued forms. We define the formal adjoints of 9 and O with respect to
this inner product:

O EPTHI(X) — EP9(X)

o EPITH(X) — EPI(X)

characterized by the adjunction
(00, ¥)12 = (¢, 0"P) 12
(00, ¢) 2 = (6, 0"Y) 2

for all compactly supported smooth forms ¢, 1 of appropriate degrees.

Proposition 6.9. Let 0 : £¥(X) — £¥1(X) be the Dolbeault operator on k-forms. Its formal adjoint
with respect to (-, )2 is
O = —x 10 x.
Similarly,
O = —x 10 x.



Proof. Let ¢ € EF(X) and ¢ € E¥71(X) have compact support. Then
@000 = [ Bonsw = [ 95 ns.
be be

since complex conjugation interchanges 0 and 0.
By the Leibniz rule for @ on a k-form ¢,
O Axtp) = 0 A xip + (—1)" ¢ A O(x0).

Integrating and using Stokes’ theorem (the boundary term vanishes because the forms are com-
pactly supported), we obtain

/)(aaAw:(—nkH/XaAa(*w.

Hence
@0 0) = (-1 [ Gnot).
X
Insert *~!:
A(xp) = *(x10(xv)).
Thus

(0¢, )2 = (—1)k+1/ o N *(**18(*@0)).
X
By the definition of the L? inner product,

(P.m)r2 = / ¢ A*n  for any form 7,
X
so comparing with the previous line we see that
O = (—=1)" «719(x¢)) on k + 1-forms 1

O

Remark 6.10. Note that these are only formal adjoints since d, 9, 0 are unbounded operators on the
L?-completion of the space of smooth forms. The adjunction only holds on the dense subspace of
compactly supported smooth forms.
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6.2 Hodge decomposition

Definition 6.11. The Laplacians associated to the differentials d, 0, 0 are defined as follows:
A =dd* + d*d = (d + d*)*
0= 00" +0%0 = (0 + 0")*
0= 80" +39 = (54 )

On a general complex manifold with a Hermitian metric, these Laplacians are different. However,
on a Kéhler manifold, they essentially coincide.

Theorem 6.12. On a Kéhler manifold X, the Laplacians satisfy the relations
A =20=20

Proof. The identity is true in flat space and involves only the metric and its first derivatives. [

Definition 6.13 (Harmonic forms). We say that a form ¢ € £79(X) is harmonic if it satisfies
Ap =0

The space of harmonic (p, ¢)-forms is denoted by 7H?9(X ). Similarly, we define the space of harmonic
r-forms by

H(X)={p el (X): Ap=0}

On a compact complex manifold, we have the de Rham cohomology groups H" (X, C) whose
classes are represented by closed r-forms with complex coefficients. We also have the Dol-
beault cohomology groups HP?(X ) whose classes are represented by d-closed (p, ¢)-forms. These
groups are finite dimensional and are related by a spectral sequence.

However, if ¢ is a d-closed r-form, its (p, ¢)-components need not be O-closed, and conversely if ¢
is a O-closed (p, q)-form, it need not be d-closed. However, on a compact Kahler manifold, it turns
out that every d-closed form ¢ is d-cohomologous to a form whose (p, ¢)-components are all O-
closed, and conversely every O-closed form v is O-cohomologous to a form whose r-components
are all d-closed. This leads to the Hodge decomposition theorem.

Theorem 6.14 (Hodge decomposition on Kéhler manifolds). Let X be a compact Kihler manifold.
Then there is a direct sum decomposition

H'(X,C) = P H"(X), (11)
ptq=r
and, moreover,
Hre(X) = HPP(X). (12)
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Proof. We shall show that

H(X) = @ Hx),

ptg=r
and then (11) follows immediately from Hodge theory for de Rham cohomology
H"(X,C) = H"(X)

[¢] — the unique harmonic representative of [¢]
and Dolbeault cohomology

HPI(X) = HPI(X)
[¢] — the unique harmonic representative of [¢]

Suppose that o € H"(X), so Ay = 0. On a Kihler manifold we have 201 = A and hence iy = 0.
Writing ¢ as a sum of its bthomogeneous components,

90:()01",0_’__“_’_900,1"’

we have B B B

O = 0™ + -+ 4 O
Since [ preserves bidegree, we see that [l = 0 implies that

IjsDT,O - .. = IjSDO’T — 0
Therefore there is a mapping

T:H(X) — @ HP(X)
p+q=r

given by
© > (gpr’o, c. ,QDO’T).

The mapping is clearly injective, and moreover surjective, since if ©?? € HP4(X) forp +q = r,

then
pi= ) yPe

pt+q=r

satisfies A = 209 = 0, 50 € H'(X) and 7(p) = (47, .., 4.

The isomorphism H?4(X) = H4P(X) follows immediately from the fact that (] is real, i.e. com-
mutes with complex conjugation, and that complex conjugation is an isomorphism from E9(X)
to £97(X), hence also from H?(X) to H?P(X). [
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Remark 6.15. Every real cohomology class [o] € H'(X,R) on a compact Kihler manifold X has a
unique harmonic representative « satisfying Aya = 0. Since « is a real 1-form, we can write it as

a= a0 4 o0l

where o' is a (1, 0)-form and o' is a (0, 1)-form. Note that o0 = %! since « is real. The Dolbeault
cohomology class [a”!] € H%!(X) corresponds to the image of [a] under the natural map

H'Y(X,R) — H*(X,C) — H"'(X)
induced by the inclusion of sheaves R — Ox.

This is because on a Kahler manifold, the three operators

Ay =dd* +d'd
0=00"+0"0
0= 900"+ 00
mapping EP9(X) — EP9(X) are related by
Ay = 200 = 200

In particular, an o € P4 is A g-harmonic if and only if it is (J-harmonic if and only if it is (J-harmonic.
Therefore, the map induced by Ry — Ox

H'(X,Rx) = H'(X,0x) =2 H"(X)
o] = o]

is an isomorphism of R-vector spaces.

Remark 6.16. The Hodge decomposition theorem can also be obtained via direct spectral sequence
arguments using the degeneration at the F; page of the Hodge-de Rham spectral sequence on a Kahler
manifold. This argument is worth mentioning because it allows one to obtain the Hodge decomposition
theorem for special compact complex manifolds which are not known to be Kahler but for which the
Hodge-de Rham spectral sequence degenerates at £/;. This remark applies to K3 surfaces whose Hodge
decomposition was obtained before the proof that all K3 surfaces are Kahler manifolds.

Corollary 6.17. Let X be a compact Kéhler manifold. Then the Betti numbers b, = dim H" (X, C)
and Hodge numbers A7 = dim H??(X) satisfy the relations

Loby =3, b7

2. hPa = pa?
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3. b, is even when 7 is odd.

4. h*? is a topological invariant since h'"* = 1b;.

Exercise 6.18. For a compact Riemann surface R, verify that the Serre duality pairing
HY(R;0)® H(R; Q') — C

defined by principal parts and residues agrees with the one given by integration of Dolbeault represen-
tatives. Using the relation to harmonic forms, explain how this relates to Poincaré duality on R.

Choose a meromorphic function f on R whose principal part at each p; with prescribed
principal parts. Let U; be pairwise disjoint coordinate discs around p;, and choose y € C*°(R) such
that y = 1 on smaller discs U] C U; and x = 0 outside | J; U;. Define a (0, 1)-current

Ty := A(x ).

Since 9 = 0, T is O-closed. If we replace f by f + g for a global meromorphic function g (with poles
in D) or change x within the same constraints, 7 changes by a current of the form Ou, so the class T f]
in

HY'Y(R) = H'(R,0)

depends only on the underlying principal parts.

Letw € H°(R, ') be a holomorphic 1-form. The Dolbeault definition of the pairing is

1 1 _
ni=— | Tt Ahw=— [ 0 Aw.
(@, W) Do 97 /R FAwW o /R (Xf) Aw
Since w is of type (1,0) and holomorphic, dw = 0, hence

Ixf) hw = d(xfw).

Let D; C U/ be small closed discs around p; and set
R.:=R\| JDi(e),

where D;(e) are concentric discs of radius €. On R, the form y fw is smooth with compact support, so

Stokes’ theorem gives
d(xfw) = / Xfw=— / fw,
OR. zl: 0D;(e)

the sign coming from the induced orientation on the boundary.

R.
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Letting ¢ — 0 and using the residue theorem,
/ fw — 2mi Res,, (fw),
0D, (e)

we obtain

1 _
%/Ra(xf) Aw = ;Respi(fw).
This is precisely the principal parts definition of the Serre pairing.

Now equip R with any Hermitian (necessarily Kihler) metric. Hodge theory yields the decompositions
Hir(R,C) = H'(R) = Hy°(R)® Hy'(R),
and every class has a unique harmonic representative. Moreover,
H°(R,Q") = H;°(R)
consists of harmonic (1, 0)-forms, and

H'(R,0) = Hy'(R)

is represented by harmonic (0, 1)-forms. Complex conjugation gives an isomorphism

Poincaré duality on R is given by the nondegenerate pairing
Hin(R.C) x Hip(R,C) —C, (. (3) > [ ans,
R

It is clear that o A (3 is nonzero only if o and [ are of complementary types, i.e. their wedge is of type
(1,1), since (1,0) A (1,0) and (0, 1) A (0, 1) necessarily vanish. Thus the Poincaré pairing restricts to a
nondegenerate pairing

HY'(R) ® HY(R)—C,  (nw) H/me,

with 7, w harmonic representatives.
Under the identifications

H'(R,0) = HY'(R), H°(R,Q") = H;°(R),

the Serre pairing of o and w is



where 7 is the harmonic (0, 1)-representative of «. In particular, on a compact Riemann surface the

Serre duality
H'(R,0) = H°(R,Q")Y
is nothing but Poincaré duality in degree 1 up to the constant factor 27z, expressed via the Hodge

decomposition of H g (R, C).

Exercise 6.20. For a compact Riemann surface R, verify that the map
HY(R;Z) — H'(R;O)

corresponds to the period map
H\(R;Z)® H'(R; Q') — C

under integral Poincaré duality and Serre duality on R.
Leti: H'(R;Z) — H'(R; O) be the given homomorphism. We need to show for every

c € H'(R;Z) and w € H°(R,Q'), the Serre pairing (i(c),w)serre €quals the period of w along the
1-cycle Poincaré dual to c.

By Hodge theory, every class in H!(R; R) has a unique harmonic representative. An element c € H'(R;Z)
maps to a real class cg € H'(R;R) whose harmonic representative we denote by a so

[a]dR =Cr € HéR(R, R)

Decompose «

1,0

0’120577

a= o + ozo’l, o
since «v is real. Under the Dolbeault isomorphism and Hodge decomposition, we have
H'(R,0) = HY'(R)
and the image i(c) € H'(R, O) is represented by the harmonic (0, 1)-form .

We know that the Serre pairing can be described as

1 0,1
erre — - A
(8,w)s omi A

whenever 5 € HY(R, O) is represented by a harmonic (0, 1)-form n%! and w € H°(R, Q) is a holo-
morphic 1-form.

Applying this to 8 = i(c) and n®! = ! gives

. 1 0,1
erre — S - TAwW.
(0 s = o [ @2
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Since R has complex dimension 1, a (2, 0)-form vanishes, hence a"? A w = 0, and therefore
AP Aw= (" + " HYAw=aAw.

T'hus 1
erre — 2_ A w. 13
<L C,CL)>S ; / a/\N W ( )

Integral Poincaré duality gives a perfect pairing
HYR;Z) x H(R;Z) — 7Z,
and we denote by 7. € H;(R;Z) the Poincaré dual of c.

The de Rham realization of this pairing is as follows. The class cg € H'(R;R) is represented by the
closed 1-form a with integral periods, i.e.

/a €Z forally € Hi(R;Z).

o

The Poincaré dual cycle 7. is then characterized by

/ £ = / a A [ forall closed 1-forms S,
Ye R

Thus, if we identify
HYR:Z) 225 Hy(R;Z) and H'(R;0) = H(R,Q"),

the class ¢ € H'(R;Z) maps to the functional

1
H°(R, QY — C, wn—>—_/ w.
27 ).,

This is precisely the period map (up to the factor 1/(277))
H(RZ)e H(RO) —C. () [w
v
with v = 7. the Poincaré dual of c.

Exercise 6.22. Let V' be a complex g-dimensional vector space and L ~ Z? C V a lattice. Let
A=V/L.

1. Using harmonic theory, compute the Dolbeault cohomology H*(A; O).
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2. Show that the moduli space of holomorphic line bundles on A with zero Chern class is
naturally identified with )
AV =VVY/LY.

3. Define a line bundle
P— Ax A

from the trivial line bundle over V' x V'V with connection
V =d+i(xd+Edr),

by dividing the L x LV-action as follows: identify the fiber C over (z,£) € V x VV with
that over (x + ¢, £ + \) by multiplication by

exp(2mi(A(z) + £(0))).

Show that P is holomorphic, that P| Ax{av} 1s the line bundle over A classified by a’ e AY,
and prove the corresponding statement for {a} x A".

Write ¢ = dim¢ V. Choose a Hermitian inner product on V' which is L-invariant. By
translation invariance and the locality of Kahler geometry, this induces a flat Kahler metric on A.

1. The Dolbeault Laplacian [J on (0, ¢)-forms is translation invariant. On a flat torus, a (0, ¢)-
form is harmonic iff it has constant coefficients. This is because in a global parallel frame,
the Laplacian on forms acts coefficientwise as the usual scalar Laplacian and the that any
harmonic function on a compact manifold is constant by the maximum principle.

A translation-invariant (0, 1)-form on A is determined by its value at a single point (say 0),

. . 0.1 . . . .
and conversely any linear functional on 7;;"" A extends uniquely to a translation-invariant
(0, 1)-form. Thus

HOU(A) = AT A)Y =2 AV

where V is V' with the conjugate complex structure. By Hodge theory,
H9(4) = 101(4),
and since H4(A; O) = HY(A) we obtain
Hi(A:0) = AV =AYV, 0<q¢<yg.
More generally, the same reasoning shows

HPI(A) = APVY @ ATV
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2. Isomorphism classes of holomorphic line bundles on A are classified by
Pic(A) = H'(A; O%).
Consider the holomorphic exponential sequence

exp(2mi-) O% 17

0—72Z—0
with long exact cohomology sequence
HY(A;0) — HY(A;0%) & H*(A 7).

The subgroup
Pic’(A) := ker(c; : Pic(A) —» H*(A; Z))

is precisely those bundles with zero Chern class. Exactness shows
Pic’(A) = H'(A;0)/im(H'(A;Z))

We have already computed

V

HY(A;0) = H" (A) =V

On the other hand, H'(A;Z) = Homgy(L,Z) = LV, and this sits inside H'(A; O) as a lattice
(one way to see this is via H'(A;Z) C H'(A;R) C H'(A;C) and the Hodge decomposi-
tion). Thus

Pic®(A) & HY(A: O)/H (A;Z) 2 V' /LY = AV,

So the moduli space of holomorphic line bundles on A with ¢; = 0 is canonically identified
with AY.

3. Consider the trivial line bundle
VxVYxC—VxVY
equipped with the connection
V =d+i(zd§ +€dx),

where z € V, £ € V'V, and = d€ + £ dx denotes the tautological pairing (so in coordinates it
is linear in z and &).

The group L x LY actson V' x V'V x C by
(ON) - (2,8,2) = (z+ 0, E+ N e?miA@)+¢(0) z).

The multiplier e2™*@)+¢() is holomorphic in (x,&) (it is the exponential of a holomor-
phic linear function), so this action is by holomorphic bundle automorphisms of the trivial
holomorphic line bundle V' x V'V x C.
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The quotient
P=VxVYxC)/(LxL")— (V/L) x (V¥/LY) =Ax AY

is therefore a holomorphic line bundle, the Poincaré bundle. The connection V is invariant
under the L x LV-action, hence descends to a connection on P.

Now fix a” € A and choose a lift & € V. The restriction P| 4o} is obtained as the
quotient of V' x C by the following L-action: an element ¢ € L sends (z, z) to

(x40, ¥ 0O ),

because along the slice £ = £ the factor A(z) vanishes (we take A = 0 to stay in the same
fiber over a"), while £(¢) = £y() is constant in x. Thus the monodromy of the resulting line
bundle around ¢ € L is exactly

X¢o (6) = i),

A holomorphic line bundle on A with zero Chern class is classified precisely by such a
character . — U(1), and changing &, by an element of L" does not change the character
Xe,- Hence the isomorphism class of P| 4.y depends only on the class a” = [§] € AY
and is exactly the line bundle over A classified by a".

The argument for the restriction to {a} x A" is symmetric. Fix a € A with lift zo € V. Then
the effective LV-action on V¥ x C along the slice x = g is

A (€ 2) = (E+ A, @mA)z),
so the monodromy around A € LV is
X (/\) = 627ri>\($0)'

This is precisely the character of LY corresponding to the point a = [z] € A, and hence
Plia}xav is the line bundle on A" classified by a.

Remark 6.24. Let L be a lattice in a complex vector space V, and let A = V/L be the corresponding
complex torus. We will verify in detail the fact that a holomorphic line bundle on A with zero Chern
class is classified precisely by such a character . — U(1), and therefore the moduli space of such line
bundles is identified with

AV =V"/L".

A unitary character is a homomorphism y : L — U(1). Any x can be written as x () = exp(2mi £(¢))
for some real-valued group homomorphism ¢ : L. — R. Conversely, any such £ defines a character this

Hom(L,U(1)) = Hom(L,R)/Hom(L, Z).
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But .

Hom(L,R) = Homg(V,R) =V
where Homg (V, R) has a canonical complex structure inherited from that of V' by defining (i¢)(v) := ¢(iv)
for ¢ € Homg(V,R) and v € V. Finally,

Hom(L,Z) = L".

Therefore
Hom(L,U(1)) = Hom(L,R)/Hom(L,Z) = V' /LY = A".

Exercise 6.25. Show that isomorphism classes of flat unitary line bundles on a manifold X are classified
by H'(X;U(1)), with the constant sheaf U(1) associated to the unit circle group in C*.

When X is compact Kéhler, compare the constant and holomorphic exponential sequences to conclude
that the map
HY(X:U(1)) — HY(X;0)

induces a bijection from isomorphism classes of flat unitary line bundles to those of holomorphic line
bundles with zero Chern class.

A flat unitary line bundle on X is a complex line bundle with structure group U(1)
and a flat unitary connection. Choosing a good open cover {U;}, such a bundle is given by locally
constant transition functions g;;: U;; — U(1) satisfying the cocycle condition ¢;;g,,gri = 1 on Uy,
and two such bundles are isomorphic if their cocycles differ by a coboundary g;; = h; ! gijh; with
h;: U; — U(1) locally constant. This is exactly the description of Cech 1-cocycles and coboundaries
for the constant sheaf U(1), so isomorphism classes of flat unitary line bundles are classified by

HY(X;U(1)).
Now suppose X is compact Kéhler. Consider the constant exponential sequence

exp(2mi-)

0—Z—R U(l) —1

and the holomorphic exponential sequence

0 Z— 0 22 ox
The inclusions R < O and U(1) < O* give a morphism of short exact sequences and so we get a

commutative diagram of long exact cohomology sequences:
HYX;Z) — HYX;R) — HY(X;U(1)) 2= HXX;Z)
3 \ 1 \

hol

HYX;Z) — HY(X;0) — HYX;0%) 2% HXX;Z)
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Let
Pic’(X) := ker(c})
be the subgroup of holomorphic line bundles with c¢; = 0. There is a commutative diagram
HY(X;R)/HY(X;Z) = kerc\®
1 |
HY(X;0)/HY(X;Z) = Pic®(X)

The left vertical map is an isomorphism by the Hodge decomposition theorem. Thus the right vertical
map is also an isomorphism, and we conclude that every holomorphic line bundle with zero Chern class
corresponds to a flat unitary line bundle with zero Chern class.

6.3 Kodaira Nakano vanishing and the embedding theorem

We introduce the operators
L=wA—:QP(X)— Qrthatl(X)
A=L":QPX) — QP hel(X)
H=[LA=p+qg—n:Q"X)— QP(X)
where w is the Kéhler form on a compact Kihler manifold X of complex dimension n. These
operators satisfy the commutation relations of the Lie algebra sly(C):
L, 07]
[L,0"]
A, 0] = —28*
[A, 0] =0
The Riemannian Hodge decomposition recovers Poincaré duality on X. The ordinary Poincaré
duality pairing

H*(X;C)® H*"*(X;C) —» C

becomes, via the isomorphism * : H* = H"~* the L*-pairing. Note that Poincaré duality is
topological whereas the Hodge star operator depends on the metric.

6.4 Dolbeault cohomology for vector bundles

Let £ — X be a holomorphic vector bundle over a compact complex manifold X. The holomor-
phic structure on F gives rise to the Dolbeault operator

Op : WPI(X,E) — QP X E)

Put a Hermitian metric & on . We also have the Chern connection V on E compatible with the
holomorphic and Hermitian structure, given by the formula

V=0g+0
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The Hodge decomposition says that 3 cohomology is computed by the kernel of the Dolbeault
Laplacian S

U=00"+0"0
acting on QP4( X, F). In particular, on a compact Hermitian manifold,

OP(X,E) = kerO5 @ imdg @ imJ;,

In particular, ker g = ker 0 ® im Op. Using the decomposition above, every cohomology class
has a unique representative in ker [, and the map

ker0 — HPY(X,E), ar— [a]

is an isomorphism.

Theorem 6.27 (Kodaira-Nakano). We have the Weitzenbock formula
O=0—i[A, FA
In particular, [A, F'A] is an order zero differential operator acting on Q7%( X, E).
Remark 6.28. The zeroth order term —i[A, F'A] is self adjoint. For a unitary connection, the curvature

F is skew-Hermitian in the bundle indices, and the commutator [A, F'A] is skew-adjoint. Multiplying a
skew-adjoint operator 7" by —i gives a self-adjoint operator: (—i7T")* = iT* = i(=T) = —iT.

Remark 6.29. []is semipositive because

(Oa, @) = (90" + 0"0)a, a)
= (0%, 8%) + (9a, Bar)
= [|0"al* + |9a]* > 0

Remark 6.30. If —i[A, F'A] is positive definite on Q74(X, E), then [ s strictly positive on Q74(X, E),
hence ker [J = 0 and therefore H(X, E) = 0 = ker [J = 0.

Proof. By direct computation using the commutation relations above, we have
= [57 6*]
= [0, —i[A, 9]
= —i[[0, A], 9] — i[A, [0, 0]
= —i[i0", 0] —i[A, FA]
=0 —i[A, FA]
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Example 6.31. Let &/ = £ and pick a Hermitian metric & on the holomorphic line bundle £ — X with
curvature form F'. We suppose that /' = —27miw for a Kihler form w. The line bundles which admit
such metrics are by definition the positive line bundles. Then

[A, FA] = —2mi[A, wA]
= —2miL*L
= —2miH
= 2mi(p+q—n)

Therefore, if p = n then O = O+ 27 (p+q —n) = O+ 27q is strictly positive on Q™9(X, L) for ¢ > 0,
hence we recover the Kodaira vanishing theorem

HI(X,LQy)=0 forg>0
There is also the dual statement

HYX, L) =0 forg<n

We notice from this example that positivity seems like a very strong condition on a line bundle.
We can relax this condition as follows. Let X be a compact Kéhler manifold.

Definition 6.32. We say a class o € H"(X;R) is positive if it is in the real part of H!(X) and can
be represented by a Kéhler form.

Theorem 6.33. Suppose £ — X is holomorphic line bundle with positive ¢;(£) € H"!(X;R). Then
there exists a Hermitian metric on £ with curvature 27 /iw, where w is an integral Kahler form repre-
senting ¢ (L).

Remark 6.34. The constraints [w] € SH?(X;Z)NH"(X;R) and w > 0 imply such Hermitian metric
exists on L. A compact complex X admitting such a form w is called a Hodge manifold.

Theorem 6.35 (Kodaira embedding theorem). Let X be a Hodge manifold. For a choice of L, there
exists N > 0 and a holomorphic embedding X — P(H°(X, L&N)V).

An £ whose power gives such an embedding is called an ample line bundle. If £ gives an embed-
ding itself, it is called very ample.

Sketch. We must arrange that there is no base locus, the map is injective, and the map is an im-
mersion. All of these properties are witnessed by the surjectivity of certain evaluation maps. In
particular

HO(X, LON) — HY(X, 1L%)
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where I = m,, for no base locus, I = m,m,, for injectivity, and / = m? for immersion. It suffices
to demonstrate the vanishing of the cohomology group H'(X, I £L®Y) for sufficiently large N. The
issue is that when dim X > 1, [ is not a line bundle, so we cannot use degree arguments invoking
Riemann Roch and Serre duality.

It turns out that you can pass to a blowup X — X at the finite set of points involved and compute

there. In this context, we consider H* (X, 7*[L®Y) where I = I(E,), [(E, + E,), [(2E,) for the
exceptional divisors F, F, over z,y € X. The exceptional divisor, being codimension 1, puts us
back in the line bundle situation and so degree arguments can be used. [

Example 6.36. The hyperplane bundle Op~ (1) carries the Fubini—Study Hermitian metric hpg whose
curvature form Fpg is a positive (1, 1)-form.

Work on the affine chart
UOZ{[l:Zl:"':Zn]}CPna Z:(le"vzn)a

and let o denote the standard holomorphic frame of Op»(—1) given by the point (1, zy, . . ., z,) € C""L.
With respect to this frame, the Hermitian metric is

h<070) - 1+Z|Zi|27
=1

and we computed that the Chern curvature is

(1 Sy 1) Sy A A dz S i e A

Fy = i
(1 4+ [22)?
Evaluate the associated real (1, 1)-form on a tangent vector v = (vy, ..., v,) € THOU, = C™
O S (e S o Ll i S
_FV(UJU) - T 5" n 212 .
27 2% (142251 |2f?)

By the Cauchy-Schwarz inequality, |(z, v)|* < |2|?|v|?, so the numerator satisfies
LT+ |al) PP = [z 0))* = o> > 0 forallv # 0.

Thus the entire expression is strictly negative. Hence the real (1, 1)-form %FV is negative definite, and
we conclude that Op (—1) is negatively curved, while its dual Op~ (1) is positively curved.

Example 6.37. Positivity is preserved under pullback. If f : Y — X is a holomorphic map between
compact Kihler manifolds and £ — X is a holomorphic line bundle with a Hermitian metric of positive
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curvature, then the pullback bundle f*£ — Y carries the pullback metric whose curvature form is the
pullback of the original curvature form, which is also positive because if one evaluates the pulled-back
form on a tangent vector v € T10X:

(f*e)(v,0) = al(dfov,dfzv)

Since « is positive, the right-hand side satisfies a(df, v, df,v) > 0.

Therefore, from Example 6.36, any ample line bundle L over a compact Kéhler manifold X admits a
Hermitian metric » whose curvature form F' is a positive (1, 1)-form by using Kodaira’s embedding
theorem to embed X into projective space and pulling back the Fubini-Study metric on Opn~ (1) to L.

Exercise 6.38.

1. Given a holomorphic line bundle £ on a complex manifold and a smooth real closed 2-form
w in the cohomology class of ¢; (L), prove that there exists a Hermitian metric on £ whose
holomorphic connection has curvature —27i w.

2. Conclude (from Kodaira vanishing) that the holomorphic line bundles on a compact Riemann
surface R which carry metrics of positive curvature are precisely those of positive degree.

3. Show also that for every holomorphic vector bundle V' on R, there exists a d so that the
twisted bundle V(D) has no H* for any D > d.

1. Let L — X be a holomorphic line bundle on a complex manifold and let w be a smooth real
closed 2—form representing ¢; (L) € H?*(X;R). Choose any Hermitian metric hy on L and
let Fy denote the curvature of its Chern connection. Then

1
2m
also represents ¢; (L), so the difference

Fo € QY (X, R)

1
— —F
w 2 0

is an exact real (1,1)—form. By the 90—lemma (which holds on every complex curve and
more generally on Kéhler manifolds), there exists a real-valued smooth function ¢ such that

1 T =
— —Fy = — 000p.
w or 07 on 14

Define a new Hermitian metric h b_y h = e %hg. In a local holomorphic frame [, if
h(l,1) = e~ the curvature is F}, = 0. Thus

Fh = FO —{—85(,0 = —2mw.

121



Hence h is a Hermitian metric whose Chern connection has curvature —27i w.

2. For a Hermitian metric / on a holomorphic line bundle L — R, the degree is

l
deg(L) = / a(l)= [ —F.
R R 2m
If h has positive curvature, then the form #F » 1s positive on I?, hence its integral is strictly
positive and deg(L) > 0.

The hyperplane bundle Opn (1) carries the Fubini-Study Hermitian metric hrs whose curva-
ture form Fyg is a positive (1, 1)-form. Pulling back gives a metric h,, = @ hrs on L&
with positive curvature

Fp, = & Frs > 0.

Now define a Hermitian metric i on L by taking an mth root locally: in a local holomorphic

frame e of L, write
B (€5, 2™) = ¢~

and set
h(e,e) := e ¢m/™.

Then the curvature satisfies 1
Fy=—F,,,
m

which is still a positive (1, 1)-form. Thus L admits a Hermitian metric of positive curvature.
Therefore the holomorphic line bundles on R which carry metrics of positivecurvature are
precisely those of positive degree.

3. This follows immediately from Serre duality and the Riemann—Roch theorem. For a holo-
morphic vector bundle V' on R and a divisor D, Serre duality gives

H'(R,V(D)) = H(R,Krp® V' ® O(-D))".

By Riemann-Roch, for deg(D) sufficiently large, the degree of the bundle K z@VY®O(—D)
becomes negative, and hence

HY (R, Kr®V"Y®O(-D))=0.
Thus, for such D, we have H'(R, V(D)) = 0.
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